SIAM J. APPL. MATH. (© 2006 Society for Industrial and Applied Mathematics
Vol. 67, No. 1, pp. 1-23

PERFECTLY MATCHED LAYERS FOR HYPERBOLIC SYSTEMS:
GENERAL FORMULATION, WELL-POSEDNESS, AND STABILITY*

DANIEL APPELOT, THOMAS HAGSTROM?, AND GUNILLA KREISS'

Abstract. Since its introduction the perfectly matched layer (PML) has proven to be an ac-
curate and robust method for domain truncation in computational electromagnetics. However, the
mathematical analysis of PMLs has been limited to special cases. In particular, the basic question of
whether or not a stable PML exists for arbitrary wave propagation problems remains unanswered.
In this work we develop general tools for constructing PMLs for first order hyperbolic systems. We
present a model with many parameters, which is applicable to all hyperbolic systems and which we
prove is well-posed and perfectly matched. We also introduce an automatic method for analyzing
the stability of the model and establishing energy inequalities. We illustrate our techniques with
applications to Maxwell’s equations, the linearized Euler equations, and arbitrary 2 X 2 systems in
(24 1) dimensions.
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1. Introduction. Many important wave propagation problems are posed on
unbounded or large domains. Such problems must be solved on a truncated domain
if numerical methods are to be used. There exist many techniques for truncating the
original domain (see the review papers [15, 16, 23]), but one that has proved both
efficient and accurate is the perfectly matched layer (PML) technique. The PML
technique surrounds the domain where the solution is desired (the computational
domain) by an artificial layer. The layer is constructed so that waves traveling across
the interface between the layer and the computational domain are not reflected; that
is, the layer is perfectly matched. Moreover, the layer is constructed so that, inside
the layer, the solution decays exponentially in the direction normal to the interface.
Hence, if the layer is sufficiently wide, the solution will be close to zero at the outer
boundary, and therefore any stable boundary condition can be used there.

Besides the perfect matching and damping properties of the layer it is also desir-
able that the equations governing the PML be well-posed. This is especially important
if a PML derived for a linear problem is to be applied to a nonlinear problem or a
problem with variable coefficients. If the linearized problem is only weakly well-posed
the corresponding nonlinear or variable coefficient problem can be ill-posed; see [20].
Well-posedness, by definition, allows the solution to grow exponentially in time, and
therefore, for a PML to be practically useful, it must also be stable (in time). To
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summarize, the key properties of a PML are perfect matching, well-posedness, and
stability.

PMLs were originally introduced for Maxwell’s equations by Bérenger [8]. Well-
posedness and stability of the Bérenger PML has been the topic of numerous works.
For example, Abarbanel and Gottlieb [2] showed that Bérenger’s “split-field” PML
was only weakly well-posed and that it supported linearly growing modes. Similar
results were also obtained via Fourier and energy techniques by Bécache and Joly in
[6]. The issue of weak well-posedness led to the development of various well-posed
“physical” or “un-split” PMLs for Maxwell’s equations; see [3, 13, 24]. These “un-
split” PMLs were further improved by the inclusion of the so-called complex frequency
shift (CFS), which has been used by Bécache, Petropoulos, and Gedney [7] to remove
late-time linear growth.

For other applications such as the linearized Euler equations [18], the linearized
shallow water equations [22], and anisotropic elasticity [10], there have been reports
of exponentially growing solutions. In [1] Abarbanel, Gottlieb, and Hesthaven found
that a stable PML could be derived for the linearized Euler equations by transforming
the equations into a system whose dispersion relation resembled the dispersion relation
of Maxwell’s equations. The same transform was later used again to develop a stable
PML for the linearized Euler equations [19, 11] and for the linearized shallow water
equations [22].

Today there exist stable PML models for many important problems, but there
are also problems, e.g., anisotropic elasticity and linearized Magneto Hydro Dynam-
ics (MHD), for which stable PMLs have not yet been found. An open issue, then, is
whether stable PMLs can be constructed in general. Also, stability and well-posedness
for general hyperbolic systems has received less attention than particular cases. One
exception is the paper [5] where Bécache, Fauqueux, and Joly give necessary con-
ditions for stability of the split-field PML in terms of the geometrical properties of
the dispersion relation. Also, in [4] we construct stable PMLs for arbitrary 2 x 2
symmetric hyperbolic systems in (2 4+ 1) dimensions.

In this work we generalize the formulation of PML models for hyperbolic systems
introduced in [17]. To make the model suitable for future applications, we introduce
a very general formulation including many free parameters. One of these parameters
adds a parabolic term in the tangential directions. By including this parameter, we can
show that the equations of the PML are well-posed as long as the original hyperbolic
system is well-posed. In addition, we give a proof that the layer is perfectly matched.

We also study the stability of our PML model. The question of stability is not
trivial, and in general it has to be investigated separately for each new application.
To simplify these investigations we introduce a technique, based on criteria for the
number of zeros of a polynomial in a half-plane, that can be used to derive necessary
and sufficient conditions for stability of any first order constant coefficient Cauchy
problem. Moreover, if these conditions are fulfilled, there is also a local energy density
that decays with time (see [14]). This energy density is automatically generated from
the necessary and sufficient conditions. We use the technique to derive stability results
for three interesting applications of our general model.

The rest of this paper will be organized as follows. In section 2 we present the
general PML model for symmetric hyperbolic systems and show that it is perfectly
matched and well-posed. In section 3 we introduce techniques from [14] used to
determine the stability of a first order system with constant coefficients. If the system
is stable, the technique will yield an energy with a local density that decays with
time. In section 4 we analyze the stability of a PML model for Maxwell’s equation in
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two dimensions. The PML is constructed by using the general PML model described
in section 2. We use the techniques from section 3 to establish the stability of the
PML and list two associated energies. In section 5 we analyze a PML model for the
linearized Euler equations and show that it is stable. In section 6 we consider the
specialization of our general PML formulation to 2 x 2 symmetric hyperbolic systems
in (24 1) dimensions. In [4] we demonstrated how to choose the layer parameters
as functions of the coefficient matrices. Here we prove that these choices will lead to
a stable PML. In section 7 we conclude and discuss some possible extensions of the
presented work.

2. A general PML. We consider the symmetric hyperbolic system in d dimen-
sions:

(1) Ou i g @+§A Uy Cu=0
ot Oz P Y 0y, o

with initial data, ug, supported in —H < x < —h, h > 0. Here A, = AL and
Ay, = Agl. For simplicity we assume that A, is invertible; if A, is singular, we apply
the PML only to the equations involving x derivatives.

Our construction of the layer equations matched to (1) follows the ideas suggested
in [17]. It is based on a modification of the eigenvalues of the eigenvalue problem
(equation (9) in the next section) obtained after Fourier and Laplace transformation
of (1). Then one can consider a general transformation of the eigenvalues which is
rationally dependent on the transform parameters, where the restriction to rationally
dependent transformations leads to localizable layer equations. Considering a fairly
general transformation, we are led to consider the following general PML model:

(2) @+A 140 )@+a dz_:lg@jt u +Z¢4 +§A %—FCu—O
ot v " or — Yo, H - J — Y Oy, o
d—1 d—1

9 o 99, % [ ou g Ou
(3) T +O¢J+a3¢]+;ﬁﬂayl Zeﬂ o7 =0 |y +l:167zayl+uju )

€T
=1

Here all the additional parameters are real, and we also assume
(4) 1+o0n>0, gj > 0.

To obtain spatial decay of waves propagating through the layer it is necessary that
the real parts of the modified eigenvalues be bounded away from zero. As yet we have
no general method for constructing stable layers, and it is conceivable that problems
exist which require many more parameters than have been required in the examples
treated so far. Thus we will analyze (2)—(3) in its full complexity when feasible. The
effect of many of the parameters is not yet understood, but we know from the example
in section 6 that acceptable parameter values depend on the matrices in system (1).

2.1. Perfect matching. To investigate the perfect matching of the layer we
consider two problems. In the first, whose solution we denote uj, (1) holds in R? x R,
and in the second, whose solution is denoted uy, we suppose that (1) holds in z < 0
and that (2) and (3) hold in x > 0. We also insist that us be continuous. Our goal is
to show that the restrictions of each solution to x < 0 are identical; that is, the layer
is perfectly matched.
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We begin by performing a Fourier-Laplace transformation in the tangential di-
rections and in time. The duals of y = [y1, ..., yq4—1] are denoted by k = [k1, ..., kq—1]
and the dual of ¢ by s. This leads to the problems

(5) Ax% + <SI+ ZiklAyl +C> Uy =g, x € R,
l

and in the second case, for x < 0,

~L
(6) AI%Q + <s[ +) ik Ay, + c) ik = g,
l

and for z > 0,
A (1—1—07))%%—0 Zikl&—i—u iLR-I-Z(;;-
T oz l 2 - J

+ (s[ +) ik Ay, + (J) =0,

l
; 2\ i ; ~R
(8) sS+o+a;+ Zlklﬁjl + Zgjlkl ¢j =0 | o + Z'Lkl5jl +vpluy |-
] 1 !
The solution of (5) follows from the solution of the eigenvalue problem

(9) AMgw + (51 +) Ciki Ay, + c) w = 0.
l

We note that for s > |C|y the eigenvalues, A, cannot be purely imaginary. In
particular if we normalize w to have length one, a straightforward computation yields

Rs + Rw*Cw
(10) WA= e
which implies
(11) [RA| > (p(A2)) " (Rs — [Cla).

Thus, taking s sufficiently large, we may assume that solutions of (9) fall into two
sets labeled by the sign of the real parts of the eigenvalues:

(12) AL, ..., R\, < 0,
(13) Rrits. s RN > 0.

Moreover, the matrix

(14) M(s, k) =—A;"! <sl+ Zz‘klAyl + C) )
l
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can be block diagonalized:
S~ 0
-1

where the eigenvalues (12) are the eigenvalues of S~ and the eigenvalues (13) are the
eigenvalues of ST. Now the bounded solution of (5) is easy to write down as

=01 fir v y)f (y)dy
1o e ( -7 S+<Wf+<y>y>’

where
(17) QA iy = ( L )

In particular the support properties of @y and thus f* guarantee the existence of the
integrals in (16). We note that at x = 0,

(18) i =Q ! < S e (y)dy ) _

0

We now compute 4y in each region. We first note that (8) can be solved directly:

8&5 . ~R
" Lo (T (kb + vy
( ) 7 S+O’+Oéj+zliklﬂﬂ+zl€jlk12.

Now for z > 0 we transform the solution using the same transformation ), which
block diagonalizes the problem for x < 0. Setting v = Qadf, we find

B 1 r(s,k)S™ — oq(s, k)I 0 .
(20) v = (s, k) + op(s, k) ( 0 r(s,k)ST —oq(s, k)1 ) ’

where the polynomials r, p, and ¢ are defined up to a constant multiple by

Vi p(S,k)
21 =
@) n+zj:s+0+0@‘+ tkiBi+ ek r(s k)’

> o ikibj + v q(s, k)
22 k = .
(22) Zz l§l+u+zs+a+a3+zlzklﬂﬂ—i—zlk; Zei (s, k)

We will argue that for Rs sufficiently large these blocks have eigenvalues with negative
and positive real parts, respectively. In particular we note that

(23) lim = =n, hm = szgfl + .

Thus for large s the eigenvalues are approximately

Ay — o (D tki& 4 )
14+ o0n ’

(24)
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Now by (11) and (4) we conclude that the signs of their real parts are the same as the
signs of ®A; if we choose s sufficiently large, which was what we wished to prove.

From this argument we conclude that the transform of the causal solution in > 0
takes the form

(r+op) Y (rS™—oql)x,,—
9 "R _ -1 € v )
(25) = ( ;

We see that this can be “perfectly matched” to the restriction of 41 to x < 0 by
setting

—h
(26) v = [ ey

Thus we have proven that u; and wus restricted to z < 0 are identical.
We note that we can interpret the layer as an (s, k)-dependent change of variables:

(27) i(z) — e ""au(z),

where

(28) F=—" x, a=ol.
r+op r

With this interpretation, the new layer can be viewed as a generalization of the
Bérenger layer from the viewpoint of complex coordinate stretching, as introduced
by Chew and Weedon [9].

2.2. Well-posedness of the layer equations. For the applications considered
in this paper it will be sufficient to include only one set of auxiliary variables, leading
to the PML model

% + A, ((1+an)gz +o (Zfzg; —Hw) +¢>> +ZAM% +Cu =0,
(29)
2
% +a¢+a(b+2ﬂl§—i —Zalgy(lf =0 (fyg; —|—Z§l§—; +1/u> .

Even with just one set of auxiliary variables, there are many free parameters that
must be chosen. Our experience is that the parameters p, £, 5y, 61,y can be determined
from the coefficients of the matrices A, and A,. The parameter n is introduced in
the model to increase the damping of evanescent modes. The parameter «, which is
usually referred to as the CFS, typically enhances stability properties at late time.

To our knowledge the parabolic terms €;¢,,,, (hereafter called parabolic CFS)
have not been included in PML models before. We have chosen to include them to
guarantee the well-posedness of the model (29). To see this we freeze the coefficients
and perform a Fourier transform in space (k; is the dual of ). Excluding the zero
order terms in the symbol of the equations (29), we obtain

(ikg;(l +on)+ Z ’L'k‘lflO')Ax + ZiklAyl 0
—(ikgoy + Y iky6y0)1 S ek + Y ik Bl

Denote the upper diagonal block in Py, (30), by Pi1. By the hyperbolicity of the
original problem, Pj; is diagonalizable with imaginary eigenvalues.

(30) Py(ik) = —
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Without the parabolic complex frequency shift the lower diagonal block also has
purely imaginary eigenvalues, but the system may be only weakly hyperbolic. This is
the case if, for some set of kq,...,kq_1,

(31) > ik,

l

coincides with one of P;’s eigenvalues while

(32) kyoy + Zkzléla # 0.

Then it is not possible to diagonalize P;, and the problem is not well-posed. Otherwise
the system is strongly hyperbolic and thus well-posed.

If all ¢ # 0, the lower diagonal block always has eigenvalues that are distinct
from the eigenvalues of P;1, as shown by the following argument. When at least one
k; is nonzero, the eigenvalue of the lower block has negative real part. For k; = --- =
kq—1 = 0, P71 is nonsingular since A, is nonsingular, while the lower diagonal block
is zero. It follows that P, is always diagonalizable, and the system is well-posed. This
proves the following claim.

LEMMA 1. Ife; > 0,1l =1,...,d — 1, and the original system (1) is well-posed,
then the PML (29) is also well-posed.

We conclude this section by noting that the PML for many problems is well-posed
without the parabolic CFS. Additionally, if the parabolic CFS is used, &; should be
chosen relative to the grid size such that it does not impose restrictions on the time-

stepping.

3. Construction of energy estimates for constant coefficient Cauchy
problems via annihilating polynomials. As we have seen in the previous sec-
tion, the construction of a layer which is well-posed and perfectly matched is rather
straightforward. However, it is not so straightforward to choose the free parameters
N, &, 1, oj, B, 651, €51, and vj, for a given hyperbolic system, such that the solution
does not grow with time. Related to this question is the stability of the constant
coefficient Cauchy problem

ou(x,t)

_ 9 _ d
(33) 5t —P(M)u(x,t), u(z,0) =up(z), zeR® 0>t>T.

If we perform a Fourier transform in space, (33) reduces to a system of ordinary
differential equations

(34) % = P(ik)a(k,t), keR’, 0>t>T,
(35) a(k,0) = o (k).

We will distinguish between the following two types of stability.
DEFINITION 2 (stability). We say that the Cauchy problem (33) is
(i) strongly stable if all solutions satisfy an estimate ||u(-,t)||r2 < K| uo(-)|lL2;
(ii) weakly stable if the solutions satisfy an estimate |ju(-,t)|| L2 < K (1+)P||uo ()| i,
where s > 0.
Note that if (33) is well-posed, we can replace H® by L? in (ii). In the remainder
of this paper we will drop the subscript of the L% -norm, i.e., |- || = | - ||z
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A necessary and sufficient condition for weak stability is that all eigenvalues A;
of the symbol P(ik) satisfy

(36) R{A; (P(ik))} < 0.

Condition (36) can be checked by various methods that determine the number
of zeros of polynomials in a half-plane. Below, we will first present a method that
automatically generates a finite number of algebraic inequalities that can be used to
check (36). Then we will show that if (36) holds, the method can also be used to
construct a local energy density that decays with time.

We begin by recalling some definitions from matrix theory (see, e.g., [12]).

DEFINITION 3 (annihilating polynomial). We say that a scalar polynomial f(\)
is an annihilating polynomial of the square matriz A if

F(A4) = 0.

Two important annihilating polynomials are the characteristic polynomial and
the minimal polynomial.

DEFINITION 4 (characteristic polynomial). The scalar polynomial f(X\) defined
as

FOA) = det(AT — A)

is called the characteristic polynomial of the matrixz A.

DEFINITION 5 (minimal polynomial). By ma(X) we will denote the uniquely
defined annihilating polynomial of lowest degree and with lead coefficient 1. The poly-
nomial ma () is called the minimal polynomial of A.

Now, let mp(A) be the minimal polynomial of the symbol P(ik). Suppose its
degree is n. To determine the number of roots with positive and negative real part
of mp(A) = 0 for fixed k we can use the following lemma, which is a special case of
Corollary (38,1b) in [21].

LEMMA 6. Consider any polynomial q(\) of degree n. Let D be a real number,
and define the polynomials Qo and Q1 with real coefficients by

(37) q(iD) =i" [Qo(D) +iQ1(D)].
Then there is a continued fraction
Q1(D) 1
38 =
(38) Qo(D) 1
aD+dy — 1
CQD + d2 - 1
D S
c3D +ds enD+dy

with ¢; # 0 and n, < n. The number of roots with positive (negative) real part equals
the number of positive (negative) c;. There are n — n, roots on the imaginary axis.
When we apply Lemma 6 to m,(\), the number of nonzero coefficients ¢; may
depend on k. A change in sign corresponds to a root crossing the imaginary axis. We
have the following corollary.
COROLLARY 7. A necessary and sufficient condition for weak stability is that all
c; defined in (38) are negative, i.e.,

(39) ¢i(k) <0, j=12,...,n.(k).
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Remark. Strong stability follows if all eigenvalues (i.e., the roots of mp(\) = 0)
have strictly negative real part for all k. However, in many cases there are certain
k for which some roots have zero real part. If the corresponding eigenvectors span
their respective invariant subspace, then the problem is still strongly stable. This
condition must be checked in each case. We note that if (33) is well-posed, then, for
sufficiently large |k| > K, P(ik) can always be diagonalized. Thus, we need to check
the eigenvectors only for roots that have zero real part at bounded |k|.

PROPOSITION 8. Let @ be the solution of the Fourier transformed system (34).
Then any component U; satisfies the equation

a » —

where g(\) is any annihilating polynomial of the symbol P(ik). In particular we have
for the minimal polynomial of P(ik)

(40) mp (gt) ai(k,t) = 0.

Proof. By definition we have g(P(ik)) = 0. Multiplying by the solution vector
from the right yields g(P(ik))@ = 0. By an easy induction argument we have, for any
integer ¢, (P(ik))%0 = %qtf;‘. The proposition follows. |

By the following theorem we can construct decaying energies for the problem (33).

THEOREM 9. Let u; satisfy

@ o(2) o

If (39) holds for Qo and Q1 defined as in Lemma 6, there exists an energy

s .
(12) EK) = 53 lesl 129 (k1)
j=1

satisfying

o S (s )2
(43) €t k) = =22 (k, 1)°.

ot
The functions 29, j =1,...,n, are related to 1;(k,t) via the equations

11 (gt + ibj(k)> a;(k,t) = —iz2M (k,t),  Sb(k) =0,
j=1

" | c1|2D) idi—1 —i - 0 PASY
( ) 5 . i idy - 0
ot : - 0 DT

| cp, |2(7r) 0 D=0 idy, ()

For the proof of Theorem 9 we refer to [14]. Note that system (44) can be used
to eliminate all 2(9) so that the energy (42) is expressed in 4; alone.
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3.1. Localization of £(t; k). Since the coefficients ¢; are rational functions in
k, localization can be accomplished by multiplication with a suitable polynomial in
k. In particular let v(k) be a polynomial such that é;(k) = —v(k)%c;(k) is also a
polynomial in k. Then, since by assumption &;(k) > 0 for all &, it can be decomposed
as

(45) &(k) =i (k)
l

where ¢;(k) are real polynomials in k. By multiplying (43) with v(k)? we get

N

dt2zh W] 129 (R dt2ZZ}‘” Z(])tk‘

~ |y 2(1)(t,k)‘ .

(46)

Integrating over k yields

and by applying Parseval’s formula [ |f(k)|2dk = || f(z)|?, we obtain the following
result.
COROLLARY 10. There exists a polynomial v(k) such that the inverse transform

of (46) is

i L= o 0m)

Here

(a8 =33 7 {2 e n)
j=1 1

contains only local quantities.

Note that Theorem 9 can be used with any annihilating polynomial of P(ik). If
the minimal polynomial is available, it is advantageous to use it since it has lower
degree and thus will produce an energy with lower order derivatives. Its lower degree
also simplifies the computation of the continued fraction.

4. PML for Maxwell’s equations. The first problem we consider is the scaled
T M, problem in a lossless medium. Then Maxwell’s equations can be written

ou ou ou

=, T A Ay— = y
gt Ay Ty, =0
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where u = [H,, H,, E,]T. We consider a layer in the z direction. Here A, is singular
and there are only two modes that propagate in the x direction. Hence, we add
auxiliary variables only to the x-propagating H, and E, fields. The layer we will
consider is defined by the equations

OH,  OB.
ot Oy ’
o (10 02 = o,
(19) - G+ B oo,
% a@iz =—(0+a)p +5882;521,
%+% (0+a)¢2+55§f;.

Here we have included the parameter 7, which will improve the damping of evanescent
modes. Note that if ¢ = 0, the above equations are only weakly hyperbolic and thus
only weakly well-posed. To ensure strong well-posedness we take € > 0.

4.1. Stability for constant o. When o is constant we can take the Fourier
transform in = and y. For simplicity let 7 = 0. The symbol of (49) then becomes

iky Ay +iky A, oD }

(50) P(ik) = [ ik, E (a4 o0 +ek)I

where

T
001 010
D‘{010]’ E__[001]

The minimal polynomial of (50) coincides with the characteristic polynomial and can
be written as a product of the two polynomials mp(\) = mq(A)ma(N):

ml()\) = )\,
ma(A) = (M +2(7 + o)A + (k2 + k2 + (7 + 0)}) A2
+2(Tk2 + (T + U)ki))\ + k2T + (T + U)Qki),
where we have introduced 7 = o + 5]65.

To determine the sign of the eigenvalues we apply Lemma 6 to mg()). The
coefficients in the continued fraction (38) are

(51) c1 = 7ﬁ’
___2rto)
(52) Co = (7_ +0.)3 +O'ka2:’
=— ((r+0)3 —|—0’kg)2
(53) 3 = 20k2 ((T +o) (24 o7+ ]{;5) + ka,) (r+o)
(54) ch=— 20k2 ((t+0) (7% + 710 + k2) + 7k2)

((T + 0’)2]4}5 + k%TQ) (T + 0)3 + ok2)’
(55) dy =dy =ds = dy = 0.
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Clearly all c; are negative and defined except for the cases k; = k, = 0 and k; =
0,ky # 0. When k, = 0 the minimal equation reduces to A(\* + k2)(A+ 0 +7)> =0
with solutions A = 0, +ik,, —(0 + 7), —(¢ + 7). The eigenvalues with zero real part
are distinct as long as k, # 0. For the case k, = 0 there could potentially be algebraic
growth. However, it is easily checked that there are three independent eigenvectors
when k, = k, = 0. Thus (49) is strongly stable when n = 0. When 7 # 0 the
coefficients are somewhat more complicated, but strong stability follows similarly.
This concludes the proof of the following lemma.

LEMMA 11. For constant o > 0, « > 0, > 0,0 + 1 > 0, the system (49) is
strongly stable.

4.2. Energy estimates. We now consider decaying energies of the system (49).
We start by noticing that m4(P(ik)) annihilates £, and ¢, while mp(9/0t) annihi-
lates Hz7 Hy, and ¢1 Thus we have that

0 B B . OH, 0H, 98¢
(815)1} 0 for ©=E,, s, % ot or

It follows from Theorem 9 and (51)7(55) that the energy

(56) )=5 Z Jejl129)
decays with time. To express (56) in ¢ we use (44). This yields

20] =, w%an+Q

e 12P1= ‘(legt <c1| - 1) + 1) o,
<%m0ﬂm0q;+Q+Q Qma+g>

Since £ is a function of ¢3 and ¢4, whose denominators vanish for certain k, and
ky, it is not bounded. To formulate energies in physical space, we first remove the
singularities of £ by multiplying (56) by a suitable polynomial in k, and k,. Here we
will consider two different polynomials, the first producing a semilocal energy and the
second a fully local energy.

29] =

4.2.1. A semilocal energy. We would like the order of the spatial derivatives
of v appearing in the energy in physical space to be as low as possible. At the same
time, the energy must be bounded for all £, and &, so that we can use Parseval. The
energy

(58) Esp(tik) =2(t +o)k2 (T + o)zki + k272) E(t; k)

satisfies these requirements. We can split £g7, into a local and a nonlocal part
(59) Esp(tik) =& +EnL-

The local and nonlocal energies are

(60) & = ki ((T + U)2k§ + k‘iTQ) |f1|2,

(61) Ene = 2(T + 0)k? ((r+ U)Qki + k:iTQ) i |cj||,é‘(j)(k7 t)|2.

Jj=2
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Now by using Parseval we get
d
(62) % (EL(t;’U) + ENL(t)) = —2(0' + Oé)EL(t;U) — 2€EL(t; 6y’U),
where
Er(t;v) = (a+0)?0:0,0(, 1)[|> + o[ 020(-, 1) [|> + 26 (e + o) [ 0:050 (-, 1) ||

(63) ( ,
+&2)| 0050 (-, )| + 2eal|020,0 (-, )| + %1070, v (-, ).

We do not state Enr(t) explicitly, since for our purpose it is sufficient to know that
it is bounded and nonnegative. However, we note that Ex,(¢) is nonlocal in space.
We see that
(64) EL(t;v) < EL(0;v) + Exn(0;v),
which proves the following claim.
LEMMA 12. Let v be any of the fields
0H, 0H, 0¢
Ezv s T oy 0 7?!7 a,
925 o o
If 0 >0, a>0,e >0 and constant, then v satisfies the estimate
(65 (a+0)*18:0,v(-, )| + a®(|0Fv (-, 1)[|* < C = EL(0;0) + Enp(0;0).

4.2.2. A local energy. To obtain a fully local energy we need to clear the
denominators of (56) and (57). Again, this is done by multiplying £ by a suitable
factor. For this case we define the fully local energy by

Err = (T +0)*((T+0)° + ok3)
X (T4 0)%k, + k3m2) k3 (T 4+ 0)(7 + or + k) + Tk2) €.
Err(t; k) can be split into
Erp(t;k) =M 4 &M 4 gl 4 gV,
where
el = %(T +0)((r+0)* +0k2) (T + 0)°k] + k27°)

X ki ((T + o)+ o7+ k;) + Tki) |17|2

EN =2(r +0)%k2 (1 + 0)°k} + k277)

1
x ((t+0)(m* +or+ k) +7k) | (§8t +7+0)0 |2,
[

X1

111 1 3 2 2,2 | 1.2 2
e = %(74—0)((7—&—0) + ok2) ((T—|—0) ky + kT )

2

)

x| ((0+7)0F +2(0 +7)%0 + (T +0)° + ok2)

X2

v _ 3 2 (T4+0) .0, (T+0)? 1
& ’(((T+U) Jrokm)at( 5 of + . 5t+20

2
1
+E((T+0)(7? +oT + k) + TEL) (2& +o+ 7') )v
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To localize the energies we need to write them in the form (45). This is a straight-
forward operation, but the resulting expressions become lengthy (they contain many
combinations of higher derivatives) and are therefore presented in Appendix A.

Let E™ be the physical space version of the energy £™. Then we have that

(66) 9 (B0 + B0 + B ) + B (1) = ~B (),

which means that
(E'(t) + E"(t) + B (t) + BTV (1)) < (E'(0) + E"(0) + E"(0) + E™(0)) .

Thus ET, BT, ETT and E'V all remain bounded.

It may be possible to derive sharper results from this fully local energy by using
the system (49). We note that the energy estimates obtained by Bécache, Petropoulos,
and Gedney in [7] are stated in terms of the fields rather than the derivatives of the
fields, so that strong stability is a straightforward consequence of the energy inequality.
We emphasize that our results also imply strong stability, even though the energy is
stated in terms of derivatives of the fields.

5. The linearized Euler equations. The next problem we consider is the
Euler equations in two dimensions linearized around a subsonic skew flow

a7 T Ay— =0,
ot T Ty
where
P M, 1 0 0 M, 0 1 0
| o o Mo o0 1 o M 0 o0
sl =0 0 Mmoo |0 MT o 0 M, 1
p 0o 1 0 M, 0 0 1 M,

Here p is the density; v, and v, are the velocities in the x and y directions, respectively;
p is the pressure; and M, and M, are the Mach numbers in the x and y directions.
We have that 0 < M, < 1,0 < M, < 1 since the flow is assumed to be subsonic.

From [17] we conclude that a suitable layer in the z-direction should be of the
form

@4,143: @4,#0-”4,0—@5 +Ay%:0’
ot or y
(67) dp 0O d¢
u
E+%+Mya—y (0 + a)(pu+ ¢) = 0.

The symbol P(ik) of (67) is

tky + no)A, + ik, A oA,
( po) yly

(68) P(ik) = - [ ikl + (o + )l (ikyM, +0 +a)l

Note that here we do not need to include the parabolic CFS. To establish well-
posedness, we simply freeze the coefficients and consider the principal part of P(ik),

[ ikeAs +ikyA, O
(69) P 1(”“)__{ ik T ik, M,I |-

The eigenvalues of the upper diagonal block are easy to compute. They coincide with
ikyM,I only when k, = 0. Thus P; is diagonalizable, and well-posedness follows.
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5.1. Stability for constant o. In [17] it was shown that the choice

M,

(70) b= W

is necessary for the solution in a layer closely related to (67) to decay in space. Similar
conclusions, from another point of view, were reached by Hu in [19]. The results for
decay in space from [17] apply directly to (67). Here we will show that (70) is also
necessary and sufficient for stability (in time) for (67).

First we show that (70) is sufficient. We note that the real part of the eigenvalues
of P(ik) (with u given by (70)) coincides with the real part of the eigenvalues of the
matrix P(ik) = P(ik) — ik,M,I. Since P(ik) has a sparser structure, it is easier to
check that its eigenvalues have nonpositive real part.

The minimal polynomial of P(ik) can be factored m s(\) = my(A\)ma()), where

(71) mi(A\) = \? + (ikme + % + a) A+ ik aM,
and
ma(N) =M + 2 (z’kxMx + 24 a) A3

¢
2 ag2.2
+ <4o¢ikxMx+Ck§+k§+ (0+a)< Moo ))\2

+2 (ikyaMy + Cakl + (o + 0)k2) A+ (o’ + (o + o)k}

(72)

Here we have introduced ¢ = 1 — M2. The continued fraction coefficients for (71) are

_ ¢
(73) €1 = —m,
2(0 + ag)?
(74) co = —M.
For (72) the coefficients are
_ ¢
(75) ‘4T ot ag)
(76) co = _M’
C2q
_ Ca
7 @7 20l(o + )t
(78) o — 2(aC +0)'c},0

-, (R2MZ — (R2)2(a2CR2 + (a + 0)%k2)cas’

where caq, €34, C4o are positive for all k; and k, and can be found in Appendix B. We
see that all the coefficients are negative and defined for all k, and k, except the cases
(a) ky = ky =0, (b) ky = 0, ky # 0, and (c) (1 — M2)k3 = MZk7. We will consider
these cases separately.

First we consider the case (a), for which we easily can compute the eigenvalues
of P(k, = 0,k, = 0) = P(k, = 0,k, = 0). They are

o o o

1—M, & 1M, Y T1-Mm2

x

0,
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The zero eigenvalue has multiplicity four, and there could potentially be algebraic
growth. However, straightforward calculations show that there are also four indepen-
dent eigenvectors, and this mode will be strongly stable.

For the case (b), the minimal polynomial of P(ik) can be factored into

mp(A) = n1(A)nz(Mns(X),
o+ al
¢

Directly, we see that the eigenvalues A = 0 and A = — (0 /¢ + ), being solutions to
n1(A) = 0 and nz(A) = 0, have nonpositive real parts. The double zero eigenvalue of
P(ik) corresponds to the double eigenvalue A\ = —ik, M, of P(ik). Associated with

ni(A) =X, na(A) =X+

5 n3(>\) = mg()\; km = 0)

A = —iky M, there are two linearly independent eigenvectors, and thus stability will
not be lost.
For nz(\), we compute the coefficients in the continued fraction. They are
W
2(c +a)’
2(0 + Ca)?
Cy = —

oM2E2C + (0 + a1 4+ M) (o + a1 — M) (0 + Ca) ’
(aM%ki( + (0 4+ a(l+ M) (o + a(l — M,)) (o + (a))?
2k2CoM2(0 + a)(oa + ((a? + k2)) ’
20M2(ca+ C(a® + k7))
(0 + ) (o M2E2C + (0 + a(l + My))(0 + a(l = M,))(0 + ()
Due to the assumptions 0 < M, <1, ( > 0, 0 > 0, and « > 0 they are all negative.

Finally we consider case (c). For this case ms(\) again factors into three poly-
nomials

C3 = —

Cqp = —

mp(A) = 01(A)o2(A)os(A),
o1(\) = X —ik
03(\) = A? + (21”:@0; +i fLM A2

(c+a)?—a?M? 2(c+a(l+ M2)) L (o+a)?+a’M?
kx ky L.
+ ( ¢ +1 M, a+1 M,

The eigenvalue belonging to o1 () is distinct and does not affect strong stability,
and the polynomial 02(\) = m1 () has already been checked. It only remains to check
the coefficients of the continued fraction arising from o3(\). They are

B ¢
(79) €= T30 +ad)’
(80) CQ — _M’
C2q
_ cQaMw2
4T T4 a2 (0 M2 + (0 + a)?)
(81) !

“adZ(a+0)(o + al)? + (R2(o + ol + ME)?’
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where
(82) Caq = (0 + aC)Q((U +a)? - 042M§) + 2016320(2(0 +a(l+ Mi))

Clearly, (79)—(81) are negative and defined unless k, = k, = 0. However, that
particular case has already been checked.

To see that (70) is a necessary condition we use the parameterization k, = &, ky =
vk and compute the minimal polynomial of ]5(f<a7 ~v) with p as a free parameter. Again
the minimal polynomial can be factored into a quadratic and a quartic. If we compute
the coefficients in the continued fraction for the quartic, we see that for x large the
sign of the coefficients c3 and ¢4 will be determined by the sign of the expression

(83) KU M2 = + M2 (M2 1Py + 292 uM, +9° — 2y — p?).

Since the expression (M2 —~% +~2M2) will change sign when 4% = M2/(1 — M2) we
must choose p such that the sign of the last expression in (83) changes simultaneously.
Hence p must satisfy

(My =)y +2Mpp + M7 = 0;
i.e., we must choose

M, M,
=——— or -y
=1 e =1

The first choice will violate the conditions for c¢o when k, is large and cannot be used,
while the second choice, as we have seen above, yields a strongly stable PML.

We summarize the results in the following lemma.

LEmMMA 13. For constant o > 0, a > 0, and 0 < M, < 1, a necessary and
sufficient condition for strong stability of the system (67) is that

pr— Mx
1 M2

(84) [

6. A stable PML for general 2 X 2 symmetric hyperbolic systems. Our
final example is the symmetric hyperbolic system

Ou a1 a2 | Ou bi1 b1z | Ou -
(85) ot " [ a1y ax | 0z | b b oy 0
A B

Here A and B are real matrices, and we can choose a12 = 0 without loss of generality.
Note that the convective wave equation

<§t + Maaw)Qu = C*Vu
is a special case of (85) if we choose
a1 =M+C, axo =M —C, bia=C, ajo=">b11 = by =0.
Equation (85) also contains the anisotropic wave equation as a special case:
0%u

T:[Z I;}, a>0, ¢>0, ac—b*>>0,
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describing electromagnetic waves propagating in an anisotropic dielectric media. Here

a11 = —ag, a2 =0, bi1 = —bao,

ann =+Va, by = by =1/c— —.

b

Va’ a

The direction in which the waves supported by the system (85) propagate depends
on the coefficients of A and B. If A is nonsingular, there are three distinct cases:

(i) a11a22 < 0,b12 # 0 : coupled waves moving in opposite z-directions.

(ii) a11a92 > 0,b12 # 0 : coupled waves moving in the same z-direction.

(iii) b12 = 0, aj1a22 # 0 : decoupled waves.

For the cases (ii) and (iii), there is no need to use a PML since waves can be
damped without reflection by simply adding a damping term

{ Uléx) 02(233) ]u

to (85). The appropriate signs of o1 and o9 can be determined by the sign of a;;; see
also [4]. The case (i) is more interesting. In [4], the following PML model is suggested:

au+A<au+a;Lu+¢>+Bau:0,

ot ox dy
(86) o o 0 0
u u
where
(87) 5 — bao — b1y 7 __an + (1227
ai1 — a2 2|a11 a9z
(88) ﬂ _ _b11a22 — baai N = ~1, a>0.

a11 — a2

We note that this is a special case of the general layer studied above. With this choice
of parameters we have the following claim.

LEMMA 14. For o > 0 and constant, aj1asz < 0, and o > 0, the system (86) is
at least weakly stable.

Proof. For simplicity we give the proof only for the case a = 0. For the general
choice of o # 0 the coeflicients are more complicated, but stability follows similarly.
We consider three different cases, (a) k, # 0,k, # 0, (b) ks # 0,k, = 0, and (c)
ke = ky = 0. First we consider the case (a) and compute the coefficients in the
continued fraction, (38) in Lemma 6. They are

_ 2aga1y
CL=—— 3>
0(a11 - a22)
- 20 (a11 — a22)4
T L
a

c2a = 0% (a11 — as2)* + 4at a3y (ko (arr — aze) + ky (b1 — ba2))?

— day1a92b75k, (a11 + as2)?)
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1 cga
=35 2 2 212 12"
(a11 — ag2)” c3aa55a7, b7y 4

2 4 2
C3q = 0-(a11 — G22) c3p + 4ageai1¢y,

C3p = —kzbfz(an + ag2)® + agaany (ky (b1 — baz) + ko (a11 — a22))?,
3
3,220
ey = 8% 22211’
C4a9Cyp

where ¢y and cgp can be found in Appendix C. The coefficients are negative except
for the cases (b) and (c), but then the eigenvalues can be computed directly. For case
(b) they are

o a o a
0, tkayaz — - |1-— s , tkapage — - | 1— = »
2 a292 2 ail

and for the case (¢) they are

Since aj1as2 < 0 they all have nonnegative real part, and the lemma is proved. |

As a final remark, in many cases the words “at least weakly” in Lemma 14 can be
replaced by “strongly.” However, to prove this we need to consider all cases when ¢4,
or cg vanish. Considering the complexity of the expressions c4, and cyp, we expect
the necessary calculations to be quite tedious.

7. Summary. We have presented a very general PML model for first order hy-
perbolic systems. We believe that the generality should make the model suitable
for many future applications. We have also proven that the equations in the layer
are perfectly matched to the equations in the computational domain. For the model
formulated with one set of auxiliary variables, we have also shown that the layer
equations can always be made strongly well-posed.

The critical step in the construction of a PML is to choose the free parameters
so that the solution in the layer is stable. To simplify the analysis of this step, we
have presented a method with which the stability of the layer can be determined by
checking a fixed number of algebraic inequalities, which in turn can be generated au-
tomatically. Additionally, if these inequalities hold, we showed that there is an energy
density in Fourier space that decays with time. By simple algebraic manipulations
and application of Parseval’s relation, this energy density can be converted to a de-
caying energy in physical space. The energy contains only the solution and its spatial
and temporal derivatives; i.e., the energy is local.

We have used the introduced techniques to show strong stability for a PML for
Maxwell’s equations and a PML for the linearized Euler equations. We also showed
weak stability for a PML for a general 2 x 2 hyperbolic system in (24 1) dimensions.
For the PML for Maxwell’s equations, we also derived a semilocal and a local energy.
These energies guarantee the time-decay of higher order derivatives in space and time
of the solution.
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Unlike techniques that only involve checking the roots of the characteristic poly-
nomial, our method is applicable to variable coefficient problems. This is important
since in “real life” the damping parameter o is not constant. The stability of the
variable coefficient problem can be analyzed as a perturbation of the constant coef-
ficient problem. If the constant coefficient problem is stable, our method generates
an energy. Since the energy decays for constant ¢ we expect it to decay at least for
slowly varying o.

Appendix A. Space-time energies for Maxwell PML. The space-time en-

ergy version of £V is obtained by integration over all wavenumbers and application
of Parseval. It is

BV :H (((a - 8(95 +0)% — 0020, (1(a - 585 +0)0F + = (o — 565 +0)%0, + 1)

20 o 20

- 2 ((a—ed} +0)((a—ed})’ +o(a—ed2) — 0) + o — 0 k2)

1
X (28t +ot+a— 585)) v(-,t)

For £ we first rewrite

2

i(7' +0)((7 + 0)® + ok?) ((T + O‘)Qk‘; + kzirz)

20
= i(7' +0)°k2 + i(7' + o)k
20 Y 20 *
a+o a+o € €
+ = (T o) hky + Tk + (7 + o) hky + STk

5111

Integrating over k and applying Parseval to each term in , we get

1 — ~
Bl _ %H(O‘ +0—e0))0,F " {X2} |7

1 1
+ %H(a +0— 585)2(a - 585)81,]-' TP

o+« 1 (n
+ (a0 —203)0:0,F " {2} |
o+« 1 (A

+ (e = ed)BF T {xe} |2

9 - ~
+ Sll(a+0 =)0, F ! {2} |1

3 — ~
+ 5l = 205)0z0, 7 {Ra} I,

where

F ' X} =((c+a- 585)6,52 +2(c+a-— 5873)28,5 +(c+a-— 5873)3 +002) v(z,t).
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In the same way we get for £/

B =2a|(a+ 0 — 53;‘;)33%8@,.7:71 X1}
+2|(a+ 0 — 58_5)383065]:_1 {xa} |2
+2(a+o0)|[(a+o— 585)289533.7:71 (X2
+ 2| (a+ 0 — 68;)289582}_71 X 1?
+2al|(a+ 0 —87)*920,F  {x1} |I?
+ 2¢|[(a+ 0o — 685)28265.7:71 X 1?
+2a|(a+ 0 — 585)2(a — 585)8%.7—"1 {2
+ 2| (a+0— 685)2(a — 585)8383,}'_1 X} 1?
+2(a+o)|[(a+ 0 — 583)(& — 685)890%}"71 X3P
+2|(a+ 0 — 585)(04 — 585)8585]—'_1 {2
+ 2a||(a+ 0 — 565)(a — 68;)82‘7:71 X 1?
+2|(a+ 0 — e@j)(a — 565)82’%]—"1 a2,

where
1
(89) F 1) = (23t+0+04685> .

By similar operations, we can obtain an expression for E!. However, since we have to
split the factor in front of 6|2 in £7 into many terms, the expression for E7 becomes
very lengthy and we have chosen not to include it here.

Appendix B.

2 = 0C (0 + 3Mpa+ )kl + Mo (0 + Ca)k;,
+ (0 + Ca)* (o + a(l + M,)) (o + a(l — M,)),
c3a = (b + c3ckiy + caqky + cschiky + csphl + csghs),
c3p = (—Ck2 + M2E2) (0aC®k2 + o(o + a)C?kD),
cse = a3 (5M, o 4 120 M, %202 4+ 10M,.% 0 + 2a0° M,* 4 5a0?
+20% +40a® + o),
c3q = M2 (0 + a)C(al + 0)(Ca® + 200 + 02 + o M>a),
cze = —C2 (0 +20%a(2 + M?) + 0%a2(6 + 11 M2 + M2)
+40a3 (1 +4M2 — MS) + an(1 +8M2 + 3MY)),
cap = al(0+a)(3a® M2 + (a + 0)?)(al + 0)?,
c3g = aM (o +a)(o + a(l + M,)) (o + a(l - My))(al +0)?,
Cag = Q2 (o + a)2 (Ca+ 0)2 + C4bki + C4ck3 + C4dk3k§ + C4ek§; + C4fk§,
e =C?, ce=C(o+a)?, ar=20a(o+a),
cre =20° (0 + a) ¢* (a1 + M%) + o),
car =20( (o + )’ (ol +0).
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Appendix C.

1o = (4k a1 an? + o%an® — 4k, bioa11®ase — 8kybozar *kyass®
+ 8k$a113a222kyb11 - 402a113a22 - 8k$2a113a223 + 60’20222(1112
+ 4k, %a11%ag® — 8ky*baoar1®briags® — 8k, bia’ai1?ass® + 8kya112asy kybao
+ 4k, *b11%azani® + 4k, bas’ar1%age® — 8kyaii?ass®kybiy — 4k, b1aariazg®
—40%az’ar; + 0c?axn?),
Cap = (a222b122ky2 + bi1%agariky,” + 2az0a11ky*b12” — 2b11a92a11k, bao

+ agoai1ky bag® + b12’ky%a11? — 2b11kyariass®ky + 2kyariase®kebao

2 2 3 2 2 2, 2 3, 2
+2b11 kyai1®assky — 2kyai1*asskabos + as’ariks” — 2a11%a20’ks” + asea11’k,”).

2]
(3]
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BIFURCATION ANALYSIS OF A MATHEMATICAL MODEL FOR
MALARIA TRANSMISSION*

NAKUL CHITNIST, J. M. CUSHING#, AND J. M. HYMANS$

Abstract. We present an ordinary differential equation mathematical model for the spread of
malaria in human and mosquito populations. Susceptible humans can be infected when they are
bitten by an infectious mosquito. They then progress through the exposed, infectious, and recovered
classes, before reentering the susceptible class. Susceptible mosquitoes can become infected when
they bite infectious or recovered humans, and once infected they move through the exposed and
infectious classes. Both species follow a logistic population model, with humans having immigration
and disease-induced death. We define a reproductive number, R, for the number of secondary
cases that one infected individual will cause through the duration of the infectious period. We find
that the disease-free equilibrium is locally asymptotically stable when Rp < 1 and unstable when
Ro > 1. We prove the existence of at least one endemic equilibrium point for all Ry > 1. In the
absence of disease-induced death, we prove that the transcritical bifurcation at Rg = 1 is supercritical
(forward). Numerical simulations show that for larger values of the disease-induced death rate, a
subcritical (backward) bifurcation is possible at Rg = 1.

Key words. malaria, epidemic model, reproductive number, bifurcation theory, endemic equi-
libria, disease-free equilibria
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1. Introduction. Malaria is an infectious disease caused by the Plasmodium
parasite and transmitted between humans through the bite of the female Anopheles
mosquito. An estimated 40% of the world’s population live in malaria endemic ar-
eas. The disease kills about 1 to 3 million people a year, 75% of whom are African
children. The incidence of malaria has been growing recently due to increasing para-
site drug-resistance and mosquito insecticide-resistance. Therefore, it is important to
understand the important parameters in the transmission of the disease and develop
effective solution strategies for its prevention and control.

Mathematical modeling of malaria began in 1911 with Ross’s model [25], and
major extensions are described in Macdonald’s 1957 book [20]. The first models were
two-dimensional with one variable representing humans and the other representing
mosquitoes. An important addition to the malaria models was the inclusion of ac-
quired immunity proposed by Dietz, Molineaux, and Thomas [11]. Further work on
acquired immunity in malaria has been conducted by Aron [2] and Bailey [5]. Ander-
son and May [1], Aron and May [3], Koella [15] and Nedelman [21] have written some
good reviews on the mathematical modeling of malaria. Some recent papers have also
included environmental effects [19], [27], and [28]; the spread of resistance to drugs
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Fic. 1.1. Susceptible humans, Sy, can be infected when they are bitten by infectious mosquitoes.
They then progress through the exposed, Ey, infectious, I, and recovered, Ry, classes, before re-
entering the susceptible class. Susceptible mosquitoes, Sy, can become infected when they bite in-
fectious or recovered humans. The infected mosquitoes then mowve through the exposed, E,, and in-
fectious, I, classes. Both species follow a logistic population model, with humans having additional
immigration and disease-induced death. Birth, death, and migration into and out of the population
are not shown in the figure.

[4] and [16]; and the evolution of immunity [17].

Recently, Ngwa and Shu [23] and Ngwa [22] proposed an ordinary differential
equation (ODE) compartmental model for the spread of malaria with a suscep-
tible-exposed-infectious-recovered-susceptible (SEIRS) pattern for humans and a
susceptible-exposed-infectious (SEI) pattern for mosquitoes. In a Ph.D. dissertation,
Chitnis [7] analyzed a similar model for malaria transmission. In this paper we extend
the Chitnis model.

The new model (Figure 1.1) divides the human population into four classes: sus-
ceptible, Sp,; exposed, E}; infectious, Ij,; and recovered (immune), R;,. People enter
the susceptible class either through birth (at a constant per capita rate) or through
immigration (at a constant rate). When an infectious mosquito bites a susceptible
human, there is some finite probability that the parasite (in the form of sporozoites)
will be passed on to the human and that the person will move to the exposed class.
The parasite then travels to the liver where it develops into its next life stage. After
a certain period of time, the parasite (in the form of merozoites) enters the blood
stream, usually signaling the clinical onset of malaria. In our model, people from the
exposed class enter the infectious class at a rate that is the reciprocal of the duration
of the latent period. After some time, the infectious humans recover and move to the
recovered class. The recovered humans have some immunity to the disease and do
not get clinically ill, but they still harbor low levels of parasite in their blood streams
and can pass the infection to mosquitoes. After some period of time, they lose their
immunity and return to the susceptible class. Humans leave the population through
a density-dependent per capita emigration and natural death rate, and through a per
capita disease-induced death rate.

We divide the mosquito population into three classes: susceptible, S,; exposed,
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E,; and infectious, I,. Female mosquitoes (we do not include male mosquitoes in
our model because only female mosquitoes bite animals for blood meals) enter the
susceptible class through birth. The parasite (in the form of gametocytes) enters the
mosquito with some probability when the mosquito bites an infectious human or a
recovered human (the probability of transmission of infection from a recovered human
is much lower than that from an infectious human), and the mosquito moves from
the susceptible to the exposed class. After some period of time, dependent on the
ambient temperature and humidity, the parasite develops into sporozoites and enters
the mosquito’s salivary glands, and the mosquito moves from the exposed class to
the infectious class. The mosquito remains infectious for life. Mosquitoes leave the
population through a per capita density-dependent natural death rate.

The extension of the Ngwa and Shu model [23] includes human immigration,
excludes direct human recovery from the infectious to the susceptible class, and gen-
eralizes the mosquito biting rate so that it applies to wider ranges of populations.
In [23], the total number of mosquito bites on humans depends only on the number
of mosquitoes, while in our model, the total number of bites depends on both the
human and mosquito population sizes. Human migration is present throughout the
world and plays a large role in the epidemiology of diseases, including malaria. In
many parts of the developing world, there is rapid urbanization as many people leave
rural areas and migrate to cities in search of employment. We include this move-
ment as a constant immigration rate into the susceptible class. We do not include
immigration of infectious humans, as we assume that most people who are sick will
not travel. We also exclude the movement of exposed humans because, given the
short time of the exposed stage, the number of exposed people is small. We make the
simplifying assumption that there is no immigration of recovered humans. We also
exclude the direct infectious-to-susceptible recovery that the model of Ngwa and Shu
[23] contains. This is a realistic simplifying assumption because most people show
some period of immunity before becoming susceptible again. As our model includes
an exponential distribution of movement from the recovered to the susceptible class,
it will include the quick return to susceptibility of some individuals. The model in
Chitnis [7] is the same as the model in this paper except for the mosquito biting rate,
which is the same as in [23].

We first describe the mathematical model including the definition of a domain
where the model is mathematically and epidemiologically well-posed. Next, we prove
the existence and stability of a disease-free equilibrium point, define the reproductive
number, and describe the existence and stability of the endemic equilibrium point(s).

2. Malaria model. The state variables (Table 2.1) and parameters (Table 2.2)
for the malaria model (Figure 1.1) satisfy the equations in (2.1). All parameters

TABLE 2.1
The state variables for the malaria model (2.1).

Sh: Number of susceptible humans

Ep: Number of exposed humans

Ip: Number of infectious humans

Rp:  Number of recovered (immune and asymptomatic, but slightly infectious) humans
Syt Number of susceptible mosquitoes

E,: Number of exposed mosquitoes

Iy: Number of infectious mosquitoes

Np:  Total human population
N,:  Total mosquito population




ANALYSIS OF A MATHEMATICAL MODEL FOR MALARIA 27

TABLE 2.2
The parameters for the malaria model (2.1) and their dimensions.

on:
Bhawt
Bon:
Bun:
vp:
Uyt
Yh:

6h:
Ph

Hin:
H2n:

Miv:
H2v:

Immigration rate of humans. Humans x Time~1!.

Per capita birth rate of humans. Time™1!.
Per capita birth rate of mosquitoes. Time~1.
Number of times one mosquito would want to bite humans per unit time, if humans were
freely available. This is a function of the mosquito’s gonotrophic cycle (the amount of
time a mosquito requires to produce eggs) and its anthropophilic rate (its preference for
human blood). Time™!.

The maximum number of mosquito bites a human can have per unit time. This is a
function of the human’s exposed surface area. Time .

Probability of transmission of infection from an infectious mosquito to a susceptible
human, given that a contact between the two occurs. Dimensionless.

Probability of transmission of infection from an infectious human to a susceptible
mosquito, given that a contact between the two occurs. Dimensionless.

Probability of transmission of infection from a recovered (asymptomatic carrier) human
to a susceptible mosquito, given that a contact between the two occurs. Dimensionless.
Per capita rate of progression of humans from the exposed state to the infectious state.
1/vy, is the average duration of the latent period. Time™1.

Per capita rate of progression of mosquitoes from the exposed state to the infectious
state. 1/vy is the average duration of the latent period. Time~!.

Per capita recovery rate for humans from the infectious state to the recovered state. 1/
is the average duration of the infectious period. Time™1.

Per capita disease-induced death rate for humans. Time 1.
Per capita rate of loss of immunity for humans. 1/pp is the average duration of the
immune period. Time™?!.

Density-independent part of the death (and emigration) rate for humans. Time™1.
Density-dependent part of the death (and emigration) rate for humans. Humans™
Time~ 1.

Density-independent part of the death rate for mosquitoes. Time™1.
Density-dependent part of the death rate for mosquitoes. Mosquitoes™! x Time~1!.

1 x

are strictly positive with the exception of the disease-induced death rate, ¢5, which
is nonnegative. The mosquito birth rate is greater than the density-independent
mosquito death rate, v, > pi1,, ensuring that we have a stable positive mosquito

population.

(2.1a) % = Ap + YNy + pp Ry — M (£)Sh — fr(Np)Sh,
(2.1b) % = M(t)Sh — vnEp — fn(Np)En,

(2.1¢) % = vnEn —yln — fo(Np)In — 6pln,

(2.1d) % =y dn — prRir — fo(Np) Ry,

(2.1e) ddst” = Ny — Xy (£) Sy — fu(Ny) S,

(2.1f) dﬁ” = A\ (t)Sy — v By — fu(Ny)Ey,

(2.1g) ddlt” = vy By — fo(No)lu,

where f1,(Ny) = p1n+pon Ny is the per capita density-dependent death and emigration
rate for humans and f,(N,) = p1, + pi2, NV, is the per capita density-dependent death
rate for mosquitoes. The total population sizes are N, = Sy + Ej + I, + Ry, and



28 NAKUL CHITNIS, J. M. CUSHING, AND J. M. HYMAN

N, = Sy + E, + I, with

dN,

(2.2a) Tth = Ap + YNy — fo(No)Np — 0n1p,
dN,

(2.2b) g =Yy Ny — fu(Ny) Ny,

and the infection rates are

(2.3)

I,
A = bn(Np, Ny) - Bho - N

v

and A, = by(Ny, N,) - <ﬂvh Ie § - §h> .
h

We define the force of infection from mosquitoes to humans, \;, as the product of the
number of mosquito bites that one human has per unit time, by, the probability of
disease transmission from the mosquito to the human, 3., and the probability that
the mosquito is infectious, I,,/N,. We define the force of infection from humans to
mosquitoes, A, as the sum of the force of infection from infectious humans and from
recovered humans. These are defined as the number of human bites one mosquito
has per unit time, b,; the probability of disease transmission from the human to the
mosquito, G, and Byh; and the probability that the human is infectious or recovered,
I,/Ny, and Ry, /Nj,. Here, we model the total number of mosquito bites on humans as

OyOh
Jv(Nv/Nh) + Oh

oy Nyop, Np, o

2.4 b=
( ) oy Ny + o Ny,

b(Ny, N,) =

vy

so that the total number of mosquito-human contacts depends on the populations of
both species. We define by, = by (Np, N,,) = b(Np, N,))/N}p, as the number of bites per
human per unit time, and b, = b, (Np, N,,) = b(Np, N, ) /N, as the number of bites per
mosquito per unit time. In the limit that the mosquito population goes to zero or the
human population goes to infinity, the model reduces to that in Chitnis [7] and has the
same mosquito-human interaction as in Ngwa and Shu [23] and the Ross—-Macdonald
model (as described by Anderson and May [1]), where the total number of bites is
limited by the mosquito population. The number of bites per mosquito is then o,
(denoted by o, in [7]), and the number of bites per human is o, N, /Np,. We show a
summary of the model of mosquito-human interactions and its limits in Table 2.3.

TABLE 2.3
Number of mosquito bites on humans in the malaria transmission model (2.1) and its limiting
cases with population changes.

Number of bites Number of bites Total number
per human, by, per mosquito, by of bites, b
General oy Nyop, ovopNp oy Nyop Np,
model oy Ny + o Np, ouvNy + op Ny, oy Ny + o Np,
As Nj, — o0 ov Ny . ouNy
or N, —» 0 Ny,
As N, 0 opNp,
h oh onNp
or N, — oo Ny

To simplify the analysis of the malaria model (2.

1), we work with fractional

quantities instead of actual populations by scaling the population of each class by the



ANALYSIS OF A MATHEMATICAL MODEL FOR MALARIA 29

total species population. We let

In R By
= -

2. = =
(2.5) eh N, N,

in
with
(2.6) Sn = spNp = (1 —ep —1tp — Th)Nh and S, = s,N, = (1 — ey — iU)NU.

Differentiating the scaling equations (2.5) and solving for the derivatives of the scaled
variables, we obtain

deh 1 |:dEh th:| and dev 1 [dEv dNU:|

2. Gh _ — |%Zh _ G0 _
(2.7) a N, | at  "at a “a

dt N,

and so on for the other variables.

This creates a new seven-dimensional system of equations with two dimensions for
the two total population variables, N; and N,, and five dimensions for the fractional
population variables with disease, ep, in, Th, €y, and i,:

deh o O-UO—}LN’L)/B}L'U/I:'U . Ah .
(2.8a) i (M (I—ep—ip—71n)— (v +0n+ N, en + Oninen,

dip, Ap\ . 9
2. — = _ o
(2.8b) g = Vnen (% + 6 + Yn + Nh) in + Oniy,
dry, . Ay )
2. - = — h
(2.8¢c) pra (ph +Yn + Nh) Th + OninTh,
dNjy, .
(2.8d) T Ap 4+ YnNp = (pan + p2nNo) Ny — 6nin Ni,
dev O'U(ThNh . ~ .
2. =\ " v v 1- v — ty) — (WMo v)€v,
( 86) dt (O'/UNU +0'hNh> (5 hth +ﬂ h"’h) ( € ! ) (V +f¢) )6
diy .
(2.8f) é = Vpey — Uyiy,
dN,
(28g) dt = /vav - (va + NZva)Nv'

The model (2.8) is epidemiologically and mathematically well-posed in the domain

ep > 0,
en iy 2> 0,
in rp >0,
Th en +ip +rp <1,
(2.9) D= N, | €R7 N, >0,
€y €y Z Oa
Ty iy > 0,
N’U 67J + i'U S ]‘7
N, >0

This domain, D, is valid epidemiologically as the fractional populations ey, iy, 11, €y,
and i,, are all nonnegative and have sums over their species type that are less than or
equal to 1. The human and mosquito populations, N, and N,,, are positive. We use the
notation f’ to denote df /dt. We denote points in D by x = (ep, in, Th, Ni, €y, iy, Ny).
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THEOREM 2.1. Assuming that the initial conditions lie in D, the system of
equations for the malaria model (2.8) has a unique solution that exists and remains
in D for all time t > 0.

Proof. The right-hand side of (2.8) is continuous with continuous partial deriva-
tives in D, so (2.8) has a unique solution. We now show that D is forward-invariant.
We can see from (2.8) that if e, = 0, then e}, > 0; if ¢;, = 0, then 4}, > 0; if r, = 0,
then rj, > 0; if e, = 0, then €], > 0; and if ¢, = 0, then ¢}, > 0. It is also true that if
en +in + 1, = 1, then e}, + 4}, +r};, < 0; and if e, + ¢, = 1, then e}, + i/, < 0. Finally,
we note that if N = 0, then Nj > 0 and if N, = 0, then N; = 0. If N}, > 0 at time
t =0, then N, > 0 for all ¢ > 0. Similarly, if NV, > 0 at time ¢t = 0, then N,, > 0 for
all £ > 0. Therefore, none of the orbits can leave D, and a unique solution exists for
all time. O

3. Disease-free equilibrium point and reproductive number.

3.1. Existence of the disease-free equilibrium point. Disease-free equi-
librium points are steady-state solutions where there is no disease. We define the
“diseased” classes as the human or mosquito populations that are either exposed,
infectious, or recovered, that is, ey, i, 71, €,, and i,,. We denote the positive orthant
in R by RZ_, and the boundary of RZ_ by GRL The positive equilibrium human and
mosquito population values, in the absence of disease, for (2.8) are

_ — 3 _
Un — pan) +/ (n — pan)? + dpaniy and N;:wu Fiv.

(
3.1 N} =
(3:-1) h 212, 2y

THEOREM 3.1. The malaria model (2.8) has exactly one equilibrium point, x4 =
(0,0,0,N7,0,0,N;), with no disease in the population (on DN IRT).

Proof. We need to show that x4 is an equilibrium point of (2.8) and that there
are no other equilibrium points on D N 8]1%1. Substituting x4, into (2.8) shows all
derivatives equal to zero, so g is an equilibrium point. We know from Lemma A.1
that on DN 8Rz_, ep =ip =71p = €y, =1, = 0. For i;, = 0, the only equilibrium point
for Ny, from (2.8d) is N}, and the only equilibrium point for N, in D from (2.8g) is
N. Thus, the only equilibrium point on D N 6R1 is wgfe. O

3.2. Reproductive number. We use the next generation operator approach
as described by Diekmann, Heesterbeek, and Metz in [10] to define the reproductive
number, Ry, as the number of secondary infections that one infectious individual
would create over the duration of the infectious period, provided that everyone else is
susceptible. We define the next generation operator, K, which provides the number of
secondary infections in humans and mosquitoes caused by one generation of infectious
humans and mosquitoes, as

_ 0 Khv
” k= (2 K,

where we use the following definitions:
Kpy: The number of humans that one mosquito infects through its infectious
lifetime, assuming all humans are susceptible.
K,n:  The number of mosquitoes that one human infects through the duration of
the infectious period, assuming all mosquitoes are susceptible.
Using the ideas of Hyman and Li [14], we define K}, and K, as products of
the probability of surviving till the infectious state, the number of contacts per unit
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time, the probability of transmission per contact, and the duration of the infectious
period:

Vy 1
3.3a Ky, = b By [ —————— ),
( ) 4 <Vv + Hiv + ,U/Q’UN':) 6h </1/1v + //LQvN;;)

Up, 1
3.3b K, = b7 - Bon
(3:3b) g (Vh+u1h+M2hN;’{> h Bon <7h+5h+u1h+M2hN;{>

+ ( Vn ) Th >
Vp + pan + pan Ny Y+ On + pan + p2n Ny

= 1
by h.( )
w P o i+ o

In (3.3a), vy/(Vy + pi1v + p2, V) is the probability that a mosquito will survive the
exposed state to become infectious;! b} = b,(Nj, N}) is the number of contacts that
one mosquito has with humans per unit time; and 1/(p1, + po,Ny) is the average
duration of the infectious lifetime of the mosquito. In (3.3b), the total number of
mosquitoes infected by one human is the sum of the new infections from the infectious
and from the recovered states of the human; vy, /(vy, + pan, + p2p N} is the probability
that a human will survive the exposed state to become infectious; vy, /(v + 6p + p1n +
porNy) is the probability that the human will then survive the infectious state to
move to the recovered state; b = by (N, N) is the number of contacts that one
human has with mosquitoes per unit time; 1/(yy + 6n + pin + pon Ny ) is the average
duration of the infectious period of a human; and 1/(py, + pap + penNy) is the average
duration of the recovered period of a human.

We define Ry as the spectral radius of the next generation operator, K, i.e.,
R% = KynKpy. Then, R% is the number of humans that one infectious human will
infect, through a generation of infections in mosquitoes, assuming that previously all
other humans and mosquitoes were susceptible.

DEFINITION 3.2. We define the reproductive number, Ry, as

(3.4) Ry =/ Kyn Kho,

where K, and Ky, are defined in (3.3).

The original definition of the reproductive number of the Ross—Macdonald model
[1] and [3], and the Ngwa and Shu model [23], is equivalent to the square of this Ry.
They ([1], [3], and [23]) use the traditional definition of the reproductive number,
which approximates the number of secondary infections in humans caused by one
infected human, while the Ry in Definition 3.2 is consistent with the definition given
by the next generation operator approach [10], which approximates the number of
secondary infections due to one infected individual (be it human or mosquito). Our
definition of Ry includes the generation of infections in mosquitoes, so is the square
root of the original definition. The threshold condition for both definitions is the
same.

3.3. Stability of the disease-free equilibrium point.

THEOREM 3.3. The disease-free equilibrium point, T4fc, is locally asymptotically
stable if Ry < 1 and unstable if Ry > 1.

The proof of this theorem is in the appendix section A.1.

In defining periods of time and probabilities for Ry, we use the original system of equations
(2.1) and not the scaled equations (2.8). As the two models are equivalent, the reproductive number
is the same with either definition: p1p + pon Ny = ¥n + Ap /Ny and piy + p2o Ny = ¥o.
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4. Endemic equilibrium points. Endemic equilibrium points are steady-state
solutions where the disease persists in the population (all state variables are positive).
We use general bifurcation theory to prove the existence of at least one endemic
equilibrium point for all Ry > 1. We prove that the transcritical bifurcation at
Ry = 1 is supercritical (forward) when 6, = 0 (there is no disease-induced death).
However, numerical results show that the bifurcation can be subcritical (backward)
for some positive values of 9, giving rise to endemic equilibria for Ry < 1.

We first rewrite the equilibrium equations for u = (ep, €,) in (2.8) as a nonlinear
eigenvalue problem in a Banach space:

(4.1) w = G(¢u) = CLu+ h(C, ),

where u € Y C R?, with Euclidean norm || -||; ¢ € Z C R is the bifurcation parameter;
L is a compact linear map on Y; and h({,u) is O(||u]|?) uniformly on bounded ¢
intervals. We require that both Y and Z be open and bounded sets, and that Y contain
the point 0. We define Z as the open and bounded set Z = {( e R|—Mz < ( < Mz}.
This set is defined to include the characteristic values (reciprocals of eigenvalues) of
L, so there is minimum value that Mz can have, but Mz may be arbitrarily large.
We use

(4.2) ¢

OyOh
oulNF + opNJ,

for the bifurcation parameter. We also define 2 = Z x Y so that the pair (¢, u) € Q.
We denote the boundary of Q by 0f.

A corollary by Rabinowitz [24, Corollary 1.12] states that if {, € Z is a char-
acteristic value of L of odd multiplicity, then there exists a continuum of nontrivial
solution-pairs (¢, u) of (4.1) that intersects the trivial solution (that is, (¢, 0) for any
¢) at (o, 0) and either meets 92 or meets (507 0), where (o is also a characteristic value
of L of odd multiplicity. We use this corollary to show that there exists a continuum of
solution-pairs (¢,u) € € for the eigenvalue equation (4.1). To each of these solution-
pairs there corresponds an equilibrium-pair (¢, z*). We define the equilibrium-pair,
(¢,x*) € Z x R7, as the collection of a parameter value, ¢, and the corresponding
equilibrium point, z*, for that parameter value, of the malaria model (2.8).

THEOREM 4.1. The model (2.8) has a continuum of equilibrium-pairs, (¢,z*) €
Z x R7, that connects the point (&1, zage) to the hyperplane ¢ = Mz in R x R” on the
boundary of Z x R” for any My > &, where x* is in the positive orthant of R”. Here
& = 1/VAB, where A and B are defined in (A.19).

We show the proof of this theorem and related lemmas in appendix section A.2.

THEOREM 4.2. The transcritical bifurcation point at ¢ = &1 corresponds to Ry =
1. For the set of ¢ for which there exists an equilibrium-pair (¢, z*), the corresponding
set of values for Ry includes, but is not necessarily identical to, the interval 1 < Ry <
0o. Thus, there exists at least one endemic equilibrium point of the malaria model
(2.8) for all Ry > 1.

Proof. Using the definition of ¢, (4.2), some algebraic manipulations of Ry (see
(3.4)) produce

(4.3) Ry = (VAB.

Thus, Ry is linearly related to ¢, and when ¢ = &, Rg = 1. For any Ry > 1, (4.3)
defines a corresponding (. We pick an My larger than this (. Then, Theorem 4.1
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Bifurcation diagram showing endemic equilibrium
points for two values of Bh
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F1G. 4.1. Bifurcation diagrams for (2.8) showing the endemic equilibrium values for the fraction
of exposed humans, ey, plotted for the parameters in Table 4.1 (except for oy and oy, which vary with
¢) and two values of the disease-induced death rate (8, = 3.454 x 10~ and &, = 3.419 x 10~°). For
the parameter values in Table 4.1, there are three equilibrium points in D: a locally asymptotically
stable disease-free equilibrium point, T4fe, on the boundary of the positive orthant of R7, and two
endemic equilibrium points inside the positive orthant. Linear stability analysis shows that the
“larger” endemic equilibrium point is locally asymptotically stable, while the “smaller” point is
unstable. Further linear analysis with an increased value of o, = 0.7000, o, = 21.00, and all other
parameters as in Table 4.1 (with Ry = 1.155) shows that x4f. is unstable, and there is one locally
asymptotically stable endemic equilibrium point.

guarantees the existence of an endemic equilibrium point for ¢, and thereby for the
corresponding value of Ry. It is possible, though not necessary, for the continuum of
equilibrium-pairs to include values of { < & (Rp < 1). d

Typically in epidemiological models, bifurcations at Ry = 1 tend to be supercrit-
ical (i.e., positive endemic equilibria exist for Ry > 1 near the bifurcation point). In
this model (2.8), in the absence of disease-induced death (6, = 0), we prove, using
the Lyapunov—Schmidt expansion as described by Cushing [9], that the bifurcation is
supercritical (forward).

THEOREM 4.3. In the absence of disease-induced death (6, = 0), the transcritical
bifurcation at Ry = 1 is supercritical (forward).

Details of this proof are in appendix section A.2.

In the general case, a subcritical (backward) bifurcation can occur for some pa-
rameter values, where near the bifurcation point, positive endemic equilibria exist for
Ry < 1. Other examples of epidemiological models with subcritical bifurcations at
Ry =1 include those described by Castillo-Chavez and Song [6], Gémez-Acevedo and
Yi [13], and van den Driessche and Watmough [26]. The model of Ngwa and Shu [23]
exhibits only a supercritical bifurcation at Ry = 1. Although we cannot prove the
existence of a subcritical bifurcation, we show through numerical examples that it is
possible for some positive values of 8. This is important because it implies that there
can be a stable endemic equilibrium even if Ry < 1.

We use the bifurcation software program AUTO [12] to create two bifurcation
diagrams around Ry = 1 (Figure 4.1) with parameter values in Table 4.1, except for
Oh, 0y, and 6. oy and o, change as ( is varied, as shown in the figure; however,
their ratio, § = op/0, = 30, remains constant. One curve has 6, as in Table 4.1,
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TABLE 4.1
The parameter values for which there exist positive endemic equilibrium points when Ry < 1:
Ro = 0.9898. The unit of time is days.

Ap = 3.285 x 102
Py = 7.666 x 107° 1y = 0.4000

Bon = 0.8333 Bhe = 2.000 x 102
Bon = 8.333 x 1072
o» = 0.6000 o, = 18.00

v, = 8.333 x 102 vy = 0.1000
~vp = 3.704 x 10~3
6, = 3.454 x 104
pn = 1.460 x 10~2
pip = 4212 x107%  pq, = 0.1429
pop = 1.000 x 1077 pgy = 2.279 x 1074

Plot of infectious human population against time
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F1G. 4.2. Solutions of the malaria model (2.1) with parameter values defined in Table 4.1 show-
ing only the number of infectious humans, Iy, for two different initial conditions. The parameters
correspond to Rg = 0.9898. Initial condition 1 is S, = 400, E; = 10, I, = 30, R, = 0, S, = 1000,
E, = 100, and I, = 50. Initial condition 2 is S, = 700, E; = 10, I;, = 30, R, = 0, S, = 1000,
E, = 100, and I, = 50. The solution for initial condition 1 approaches the locally asymptotically
stable endemic equilibrium point, while the solution for initial condition 2 approaches the locally
asymptotically stable disease-free equilibrium point.

while the other has &, = 3.419 x 10~°. The curve with &, = 3.454 x 10~* has both
unstable and stable endemic equilibrium points. There is a subcritical bifurcation
at ¢ = 7.494 x 107% (Ry = 1), and a saddle-node bifurcation at ¢ = 7.417 x 10~*
(Ro = 0.9897). Thus a locally asymptotically stable endemic equilibrium is possible
for values of Ry below 1. Further bifurcation analysis (not presented here) indicates
that as ¢ is increased to ¢ = 50 (Ry = 66719), the size of the projection of the
endemic equilibrium on the fractional infected groups increases monotonically, and the
equilibrium point remains stable. For comparison we show the bifurcation diagram
with &, = 3.419 x 10~°. Here, we see only a stable branch of endemic equilibrium
points. There is a supercritical bifurcation at ¢ = 7.209 x 104 (Ry = 1). There
are no endemic equilibrium points for Ry less than 1. As ( is increased to ¢ = 50
(Ro = 69358), the size of the projection of the endemic equilibrium on the fractional
infected groups increases monotonically, and the equilibrium point remains stable.
Figure 4.2 shows the infectious human population, for two different initial condi-
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tions, of the solutions to the unscaled equations (2.1) for parameter values in Table 4.1
with Ry < 1. One solution approaches the locally asymptotically stable endemic equi-
librium point, while the other approaches the locally asymptotically stable disease-free
equilibrium point.

The parameter values in Table 4.1 are within the bounds of a realistically feasible
range, except for the mosquito birth and death rates, 1, and p1,, which have been
increased to lower Ry below 1. More realistic values are ¥, = 0.13 and p, = 0.033,
which result in (with all other parameters as in Table 4.1) Ry = 1.6. More lists of
realistic parameter values, and their references, can be found in [7] and [8]. &, =
3.454 x 10~* corresponds to a death rate of 12.62% of infectious humans per year.

5. Summary and conclusions. We analyzed an ordinary differential equa-
tion model for the transmission of malaria, with four variables for humans and three
variables for mosquitoes. We showed that there exists a domain where the model
is epidemiologically and mathematically well-posed. We proved the existence of an
equilibrium point with no disease, x4r.. We defined a reproductive number, Ry, that
is epidemiologically accurate in that it provides the expected number of new infections
(in mosquitoes or humans) from one infectious individual (human or mosquito) over
the duration of the infectious period, given that all other members of the population
are susceptible. We showed that if Ry < 1, then the disease-free equilibrium point,
Zgfe, is locally asymptotically stable, and if Ry > 1, then x4 is unstable.

We also proved that an endemic equilibrium point exists for all Ry > 1 with
a transcritical bifurcation at Ry = 1. The analysis and the numerical simulations
showed that for 65, = 0 (no disease-induced death), and for some small positive values
of 8y, there is a supercritical transcritical bifurcation at Ry = 1 with an exchange of
stability between the disease-free equilibrium and the endemic equilibrium. For larger
values of 0y, there is a subcritical transcritical bifurcation at Ry = 1, with an exchange
of stability between the endemic equilibrium and the disease-free equilibrium; and
there is a saddle-node bifurcation at Ry = R for some Rj < 1. Thus, for some
values of Ry < 1, there exist two endemic equilibrium points, the smaller of which is
unstable, while the larger is locally asymptotically stable.

Although we cannot prove in general that the endemic equilibrium point is unique
and stable for Ry > 1, numerical results for particular parameter sets suggest that
there is a unique stable endemic equilibrium point for Ry > 1. Also, from Theorem 2.1
it follows that all orbits of the malaria model (2.8) are bounded. Thus, if there were
no stable endemic equilibria in D, then there would exist a nonequilibrium attractor
(such as a limit cycle or strange attractor), though for this model we have no evidence
for nonequilibrium attractors.

The possible existence of a subcritical bifurcation at Ry = 1 and a saddle-node
bifurcation at some Rj < 1 can have implications for public health, when the epi-
demiological parameters are close to those in Table 4.1. Simply reducing Ry to a
value below 1 is not always sufficient to eradicate the disease; it is now necessary to
reduce Ry to a value less than R to ensure that there are no endemic equilibria.
The existence of a saddle-node bifurcation also implies that in some areas with en-
demic malaria, it may be possible to significantly reduce prevalence or eradicate the
disease with small increases in control programs (a small reduction in Ry so that it
is less than R). In some areas where malaria has been eradicated it is possible for
a slight disruption, like a change in environmental or control variables or an influx
of infectious humans or mosquitoes, to cause the disease to reestablish itself in the
population with a significant increase in disease prevalence (increasing Ry above R}
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or moving the system into the basin of attraction of the stable endemic equilibrium).

As we have an explicit expression for Ry, we can analytically evaluate its sensitiv-
ity to the different parameter values. We can also numerically evaluate the sensitivity
of the endemic equilibrium to the parameter values. This allows us to determine the
relative importance of the parameters to disease transmission and prevalence. As each
malaria intervention strategy affects different parameters to different degrees, we can
thus compare different control strategies for efficiency and effectiveness in reducing
malaria mortality and morbidity. This analysis, in the limiting case of the Chitnis
model [7] shows that malaria transmission is most sensitive to the mosquito biting
rate, and prevalence is most sensitive to the mosquito biting rate and the human
recovery rate. The sensitivity analysis for the new model (2.8) is forthcoming [8].

We are extending the model to include the effects of the environment on the
spread of malaria. Some parameters, such as the mosquito birth rate and the incuba-
tion period in mosquitoes, depend on seasonal environmental factors such as rainfall,
temperature, and humidity. We can include these effects by modeling these parame-
ters as periodic functions of time. We would like to explore this periodically forced
model for features not seen in the autonomous model, including the modifications
to the definition of the reproductive number and the endemic states. This would
provide a more accurate picture of malaria transmission and prevalence than that ob-
tained from models using parameter values that are averaged over the seasons. Other
planned improvements to the model include the addition of age and spatial structure.

An ultimate goal is to validate this model by applying it to a particular malaria-
endemic region of the world to compare the predicted endemic states with the preva-
lence data.

Appendix. Lemmas and proofs of theorems.

LEMMA A.1. For all equilibrium points on DHGRZH ep =1ip =Tp = €y =1y = 0.

Proof. We need to show that for an equilibrium point in D, if any one of the
diseased classes is zero, all the rest are also equal to zero. We show, by setting the
right-hand side of (2.8) equal to 0, that if any one of ey, ip, 74, €, OF 4, is equal to 0,
then e, =i, =1, =€, =4, =0. For i}, =0, e;, =0 if and only if i), = 0.2 Similarly,
for rj, = 0, i, = 0 if and only if 7, = 0. Thus, if e;, = 0, i, = 0, or rp = 0, then
enp =1ip = rp = 0. From €} = 0, we see that if e;, = i, = r, = 0, then 4, = 0. Also,
for i, = 0, e, = 0 if and only if 4, = 0. Thus, if e, = 0 or ¢, = 0, then e, =i, = 0.
Finally, for e/, =0, if e, = i, = 0, then i, = 7, = 0. O

A.1. Proof of Theorem 3.3.
Proof. The Jacobian of the malaria model (2.8) evaluated at x4y, is of the form

Ji 0 0 0 0 Jig O
Ju Jy O 0 0 0 O
0 Jgp Jss 0O 0 0 0
(A.1) J=| 0 Jo 0 Ju 0 0 0
0 Jsz Jss O Jss 0 O
0 0 0 0 Jgs Jog O
0 0 0 0 0 0 Jo

2As the right-hand side of (2.8b) is a quadratic function of 4y, there are two possible solutions
of ip, when z’h = 0 and e, = 0. However, the nonzero solution of i; is greater than 1 and is thus
outside of D.
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As the fourth and seventh columns (corresponding to the total human and mosquito
populations) contain only the diagonal terms, these diagonal terms form two eigen-
values of the Jacobian:

(A.2a) 6 = n — piin — 202 Ny = —v/(bn — p1n)?® + dponly,
(A2b) nr = 1/% — Hiv — QMQUN': = _('(/}71 - Mlu)~

As we have assumed that v, > uq,, both ng and n; are always negative. The other
five eigenvalues are the roots of the characteristic equation of the matrix formed by
excluding the fourth and seventh rows and columns of the Jacobian (A.1):

(A.3) Asn® + A + Asn® + Ag® + A+ Ag =0
with

A =1,

Ay =DB1+ By+ B3+ By + Bs,

As = B1By + B1B3 + B1By + B1Bs + By B3 + Ba By + BaBs + B3 By
+ B3 Bs + B4Bs,

Ay = B1ByB3 + B1ByBy + B1 By Bs + B1B3By 4+ B1B3Bs + B1 B4 Bs + By B3 By
+ By B3Bs + By B4 Bs + B3 B4 B,

Ay = B1ByB3By + B\ ByB3Bs + By BoByBs + B1 B3 By Bs + By B3 B4 Bs
— B B7Bs By,

Ao = B1ByB3ByBs — (B3Bs B Bs By + BBy By B10Bi1),

and By = vy, + ¢n + Ap/Ny, Bo = v, + 6 + 90 + A /Ny, By = pp + by + Ap /Ny,
By = vy + 9y, Bs = ¥y, Bg = b, Bn, Br = v, Bs = by fun, Bo = vy, Big = Vi, and
By1 = by Byn-

To evaluate the signs of the roots of (A.3), we first use the Routh-Hurwitz cri-
terion to prove that when Ry < 1, all roots of (A.3) have negative real part. Then,
using Descartes’s rule of sign, we prove that when Ry > 1, there is one positive real
root.

The Routh-Hurwitz criterion [18, section 1.6-6(b)] for a real algebraic equation

(A.4) ant™ + ap12" -+ a1z +ag=0

states that, given a, > 0, all roots have negative real part if and only if Ty = a,,
Ty =ap-1,

. . An_1 an O Ap—1 PN 0

n—1 n

Ty = s an_s |’ T3=|an3 an2 an1 |,..., T = : :
" " (p—5 Qp—4 Qn-3 0 - ap

are all positive, with a; = 0 for ¢ < 0. This is true if and only if all a; and either all
even-numbered T} or all odd-numbered T}, are positive (the Liénard—Chipart test).
Korn and Korn [18] in section 1.6-6(c) state Descartes’s rule of sign as the number
of positive real roots of a real algebraic equation (A.4) is equal to the number, N,
of sign changes in the sequence, a,, a,_1,... ,aq, of coefficients, where the vanishing
terms are disregarded, or it is less than N, by a positive even integer.
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We show that when Ry < 1, all the coefficients, A;, of the characteristic equation
(A.3), and Ty, T, and Ty, are positive, so by the Routh—-Hurwitz criterion, all the
eigenvalues of the Jacobian (A.1) have negative real part. We then show that when
Ry > 1, there is one and only one sign change in the sequence As, Ag,..., Ag, so
by Descartes’s rule of sign there is one eigenvalue with positive real part, and the
disease-free equilibrium point is unstable.

The expression for RZ in (3.4) can be written, in terms of B;, as

B3BgB7Bg By + BgB7BgB1o D11
A5 R = .
(4.5) 0 B1ByBsB,Bs
For Ry < 1, by (A.5),
(A.6) B3 BgByBg By + B¢ By BgB19gB11 < B1B2B3B4Bs,
(A?) BgB7BsBg < B1B>;B4Bs.

As all the B; are positive, A5, A4, A3, and Ay are always positive. From (A.7) we
see that A; > 0, and from (A.6) we see that Ay > 0. Thus, for Ry < 1, all A; are
positive. We now show that the even-numbered T}, are positive for Ry < 1. For the
fifth-degree polynomial (A.3), Tp = As, which is always positive. To = A3 Ay — A3 A5,
which we can show to be a positive sum of products of B;’s, so T > 0. Lastly,

T4 = Al[A2A3A4 — (AlAi + A§A5)} — AO [Ag(A3A4 — A2A5) — (2A1A4A5 — AoAg)]
For ease of notation, we introduce

C1 = Ay A3 Ay — (A1 A] + A3 A5),
Cy = A3(A3Ay — AsAs) — (2A1 A4 A5 — AoAg)7

where we can show that C7; > 0 and Cs > 0, so that T, = A;C; — AyC5. We define
Y = Cy + BgB;ByB1oBiy.
As CSY > €y and Ag > 0, for TV = A0y — AoCY, Ty > TV Similarly, we define
A(()l) = Ao + (B3BsB7Bs By + BsB7ByB1oBh1)-

As AV > Ag and ¢V > 0, for T = A0y — AVCY, TV > 7). Finally, we
define

Agl) — Al _ (BlBQB4B5 — BGB7B8B9)‘

As APV < Ay (for Ry < 1) and C; > 0, for T(Y) = AV 0y — A eV, T/ > 1Y, We
can show that T4(3) is a sum of positive terms, so T4(3) >0. AsTy > T4(1) > T4(2) > T4(3),
T, > 0. Thus, for Ry < 1, all roots of (A.3) have negative real parts.

When Ry > 1

B3BgB7Bg By + BsB7BgB19gB11 > B1B2B3B,4Bs,

and so Ay < 0. As As, Ay, A3, and A, are positive, the sequence, As, Ay, Az, Ag, A1, Ag
has exactly one sign change. Thus, by Descartes’s rule of sign, (A.3) has one positive
real root when Ry > 1.
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Thus, the disease-free equilibrium point, x4, is locally asymptotically stable if
Ry < 1 and unstable if Ry > 1. If Ry < 1, on average each infected individual infects
fewer than one other individual, and the disease dies out. If Ry > 1, on average each
infected individual, infects more than one other individual, so we would expect the
disease to spread. The Jacobian of (2.8) at x4 has one eigenvalue equal to 0 at
Ry =1. O

A.2. Proofs of theorems and lemmas for the existence of endemic equi-
librium points. The equilibrium equations for (2.8) are shown below in (A.8). In
this analysis, we use the terms ey, ip, Th, Np, €y, iy, and N, to represent their
respective equilibrium values and not their actual values at a given time, t.

UthNvﬂhviv . .
A. — | (1 — — i — - A, /N ) =
(A.8a) (UUNv n UhNh> (1 —ep—in—1h) — (Vh + UYn + An/Np)en + Sninen =0,

(A.8Db) vnen — (Yn + On + Un + Ap/Np)ip + 6piz =0,
(A.8¢c) Ynin = (pn + ¥n + An/Nip)rn + opinrs = 0,
(A.8d) Ap + Ny — (pan + ponNp) Ny, — Opin Ny = 0,
(A.8e) (M) (Bonin + Bunrn) (1= e = i) = (v + )ey =0,
(A.8f) Vo€y — Poly = 0,
(A.8g) Yy Ny — (p10 + pr2yNy) Ny = 0.

We rewrite (A.8a) and (A.8e) in terms of the bifurcation parameter, ¢ (4.2), and a
new parameter, 6 = oy, /0,, to obtain

N* 4+ 60N/
M)Nvﬂhviv(l —ep—ip—1h) — (Vh +Yn + Ap/Np — nin)en =0,

¢ Ny + 0Ny
N, + 0Ny,

(A.92) g(

(Agb) > Np (ﬂvhih + ﬁvhrh) (1 — €y — 7;1)) - (V'U + 1/)11)611 =0.
We can vary the bifurcation parameter, ¢, while keeping all other parameters fixed. In
terms of the original variables, this corresponds to changing o and o, while keeping
the ratio between them fixed. We can pick @, the ratio between them, and sweep out
the entire parameter space.

We reduce the equilibrium equations to a two-dimensional system for e, and e,
by solving for the other variables, either explicitly as functions of the parameters,
or in terms of e, and e,. We solve (A.8g) for N,, explicitly expressing the positive
equilibrium for the total mosquito population in terms of parameters (exactly as in
the disease-free case (3.1)):

(A.10) N, = Lo
M2y

Solving for ¢, in (A.8f) in terms of e,, we find

Vy

Uy

We write the positive equilibrium for Nj, in terms of ip, from (A.8d) as

(Vn — pin — 6nin) + v/ (Un — pin — 6nin)?® + 4pan Ay
2p2n '

(A.11) iy =

€y-

(A.12) Ny =



40 NAKUL CHITNIS, J. M. CUSHING, AND J. M. HYMAN
Using (A.12) in (A.8c¢), we solve for r, in terms of iy:

_ 29nn
20n + (Yn + pan — 6nin) + /(Yn — pan — Onin)? + dponhp

(A.lS) Th

Given the nonlinear nature of (A.8b), it is not feasible (or useful) to solve for iy
in terms of e explicitly. We therefore use (A.12) to rewrite (A.8b), and define the
function ey, = g(ip) as

Y+ 6+ 3 (Wh + pi1n = Snin) + /(n — pan — Onin)? + 4M2hAh) _

glin) = ” ih.

We note that g(0) = 0, and label the positive constant g(1) = e}***. As g(in) is a
smooth function of ¢, with ¢'(i,) > 0 for i), € [0,1] and e, € [0, €***], there exists a
smooth function i, = y(ep,) with domain [0, e]***] and range [0,1]. As ¢’(0) > 0, the
smooth function y(ep) would extend to some small e, < 0. Substituting i, = y(ep)
into (A.12) and (A.13), we can also express N, and r, as functions of ey,.

We now introduce the bounded open subset of R?,

(A.14) Y:{(Zh >6R2

for some €, > 0 and some €, > 0. By substituting (A.10), (A.11), (A.12), (A.13), and
in, = y(ep) into (A.8a) and (A.8e), we reformulate the seven equilibrium equations
(A.8) equivalently as two equations for the components (ep,e,) € Y. To place these
two equations into the Rabinowitz form (4.1), we need to determine lower order terms.
We rewrite (A.8b) as f(ep,ip) = 0, where f(en,in) =

—ep < e < eprer
—€, < e, < 1 ’

Vh€p — ihv

1 . -
Yn + On + 3 ((wh + pian — Onin) + v/ (n — pin — Snin)? + 4M2hAh)

and use implicit differentiation to write i, = y(en) as a Taylor polynomial of the form

(A.15) in = yren + O(e}),
where
of
b B v
Yy1= — Bf = 1 5 .
Din lip=en=0 Yhton+3 ((d)h + pan) + v/ (Yn — pan)? + 4u2h/\h)

Finally, we substitute the Taylor approximation for ¢;, (A.15) into 7}, (A.13) and
Np, (A.12), and then all three, along with 4, (A.11) and N,, (A.10) into the equilibrium
equations for e, (A.9a) and e, (A.9b), to provide first order approximations to the
equilibrium equations:

wo (3)=C ) ()e((2))
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where

(A.17a) fii0=—

1
vht 5 ((W + pan) + v/ (n — pn)® + 4ﬂ2hAh) ] ;

Vvﬂhv (% - :ulv)
'(/Jv:u2v ’

Vh ((1/111 = pan) + v/ (¥n — pan)? + 4Ah,u2h>
2p12n (% +6n+1 ((ﬂm + p1n) + v/ (Yn — pan)? + 4u2h/\h)>

(Al?b) fl,Ol = C !

(Al?C) f2710 = C .

’Ythh
Pr + % (Wh + pan) + \/Wh — pan)? + 4u2h/\h)
(A.17d) foor=— Wy +wy).

X 6vh+

b

To apply Corollary 1.12 of Rabinowitz [24], we algebraically manipulate (A.16)
to produce

(A.18) u=(Lu+ h({,u),

where

Vvﬁhv (wv - ,ulv)

(A.19a) A
Yy 2y (Vh + 3 ((% + pan) + v/ (Wn — p1n)? + 4u2h/\h))

)

’Yhﬁvh
pr+ 3 ((1/% + p1n) + v/ (n — pan)? + 4u2h/\h)

Uh ((¢h — pan) + (U — pan)? + 4u2h/\h)
2412k (Y + V) (% +én+1 ((1/)h + pap)+/(Yn — i) + 4H2hAh>) ,

(A.19b) B = | Bun +

X

and h(¢,u) is O(u?). The matrix, L, has two distinct eigenvalues: ++v/AB. Charac-
teristic values of a matrix are the reciprocals of its eigenvalues. We denote the two
characteristic values of L by &, = 1/v/AB and & = —1/v/AB. As both A and B are
always positive (because we have assumed that 1, > p1,), & is real and corresponds
to the dominant eigenvalue of L. The right and left eigenvectors corresponding to &;
are, respectively,

(A.20) v:({%) and w= (VB VA).

For My > &,as 0 € Y, (£,0) € Q. By Corollary 1.12 of Rabinowitz [24], we
know that there is a continuum of solution-pairs (¢, u) € €, whose closure contains
the point (&1,0), that either meets the boundary of 2, 99, or the point (£3,0). We
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denote the continuum of solution-pairs emanating from (£;,0) by %1, where € C Q,
and from (&2,0) by %2, where % C Q. We introduce the sets

(A.21a) Zy = {C € Z| Ju such that (C,u) € €1},
(A.21b) Uy = {u€ Y| 3¢ such that (¢,u) € 6},
(A.21c) Zy = {C € Z| Ju such that (¢,u) € G},
(A.21d) Uy = {u € Y| 3¢ such that (¢, u) € %} .

We denote the part of Y in the positive quadrant of R? by Y = {(ex,e,) € Y | e >
0 and e, > 0}, and the internal boundary of Y by

ep >0 enp, =0 enp =0
oYt = ( en ) ey and or and or and
Cv ey, =0 ey >0 ey =0
We can determine the initial direction of the continua of solution-pairs, 1 and
6>, using the Lyapunov—Schmidt expansion, as described by Cushing [9]. Although
we show the proofs only for the expansion of %] around the bifurcation point at { = &;
in Lemmas A.2 and A.3, the results for % around ¢ = & are similar. We begin by

expanding the terms of the nonlinear eigenvalue equation (A.18) about the bifurcation
point, (£1,0). The expanded variables are

(A22a) u=0 —+ Eu(l) + 52u(2) + . ,
(A.22b) C=&+eC+e26+-,
(A.22c) h(¢,u) = h(& +eCi +e%+ -+ ceuM) 424 4 )

=2hy(er,uV) +--- .

We substitute the expansions (A.22) into the eigenvalue equation (A.18) and evaluate
at different orders of €. Evaluating the substitution of the expansions (A.22) into the
eigenvalue equation (A.18) at O(&”) produces 0 = 0, which gives us no information.

LEMMA A.2. The initial direction of the branch of equilibrium points, u"), near
the bifurcation point, (£1,0), is equal to the right eigenvector of L corresponding to
the characteristic value, &;.

Proof. Evaluating the substitution of the expansions (A.22) into the eigenvalue
equation (A.18) at O(e!), we obtain v = & Lu. This implies that u(!) is the
right eigenvector of L corresponding to the eigenvalue 1/&1, v (A.20). Thus, close to
the bifurcation point, the equilibrium point can be approximated by e; = ev/A and
€y = eV/B. O

LEMMA A.3. The bifurcation at ¢ = & of the nonlinear eigenvalue equation
(A.18) is supercritical if (1 > 0 and subcritical if (1 < 0, where
w - hQ

(A.23) G =

w-Lv’

where v and w are the right and left eigenvectors of L corresponding to the character-
istic value &, respectively.

Proof. Evaluating the substitution of the expansions (A.22) into the eigenvalue
equation (A.18) at O(e?), we obtain u® = & Lu® + ¢ Lu® + hy, which we can
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rewrite as
(A.24) (I—&L)wu® = ¢ Lo+ hy,

where I is the 2 x 2 identity matrix. As &; is a characteristic value of L, (I — & L)
is a singular matrix. Thus, for (A.24) to have a solution, (3 Lv + hy must be in the
range of (I — & L); i.e., it must be orthogonal to the null space of the adjoint of
(I—¢&,L). The null space of the adjoint of (I—¢&; L) is spanned by the left eigenvector
of L (corresponding to the eigenvalue 1/£1), w (A.20). The Fredholm condition for
the solvability of (A.24) is w - ((4.Lv + h2) = 0. Solving for ¢; provides (A.23). If
(1 is positive, then for small positive €, u > 0 and ¢ > &, and the bifurcation is
supercritical. Similarly, if (7 is negative, then for small positive €, u > 0 and ( < &,
and the bifurcation is subcritical. 0

LEMMA A.4. For allu € Uy, ep, >0 and e, > 0.

Proof. By Lemma A.1, there are no equilibrium points on Y other than e;, =
ey, = 0,50 Uy NOYT = 0. We know from Lemma A.2 that close to the bifurcation
point (&1,0), the direction of U; is equal to v, the right eigenvector corresponding to
the characteristic value, £;. As v contains only positive terms, U is entirely contained
in Y. Thus, for all w € U;, e, > 0 and e, > 0. O

LEMMA A.5. The point u =0 € Y corresponds to xqr. € R” (on the boundary
of the positive orthant of R”). For every solution-pair ((,u) € 61, there corresponds
one equilibrium-pair (¢,z*) € Z x RY, where x* is in the positive orthant of R7.

Proof. We first show that v = 0 corresponds to zgre. As e, = e, = 0, by
Theorem 3.1 we know that the only possible equilibrium point is zg4r.. We now
show that for every ¢ € Z; there exists an x* in the positive orthant of R” for the
corresponding v € U;. By Lemma A.4, we know that e, > 0 and e, > 0. We now
need to show that for every positive e, and e, there exist corresponding positive i,
Th, 1y, Np, and N,. By looking at the equilibrium equation for ¢, (A.11), we see that
for every positive e, there exists a positive i,,. The equilibrium equation for N, has
a positive and bounded solution, depending only on parameter values (A.10). From
i, = y(ep), we see that for every positive ey there exists a positive ij,. The equilibrium
equations for r;, (A.13) and Nj, (A.12) show that for every positive i; there exists a
positive r, and Nj,. |

LEMMA A.6. The set Uy does not meet the boundary of Y.

Proof. As Lemma A.4 shows us that for all u € Uy, e, > 0 and e, > 0, we need
to show that e, < €}'** and e, < 1. By Lemma A.5, we know that all state variables
are positive. Therefore, for (A.8e) to have a solution, e, + i, < 1 so e, < 1. From
the properties of e, = g(i), we know that as ij, increases, e, increases monotonically,
reaching €;'** at i, = 1. However, we have already shown that when ej, +i, +7, = 1,
e, + 1, +r, < 0, and thus there can be no equilibrium point at ej + i, + rp, = 1.
Therefore, iy, is always less than 1, and ey, is always less than e}'**. ]

Proof of Theorem 4.1. As shown in Lemma A.4, Uy NOY T = 0 and U is entirely
contained in Y. We can similarly show that Us is entirely outside of Y+ because the
right eigenvector corresponding to &3 is ( —v/A B )T. Therefore, ) and %, do
not intersect, and by Corollary 1.12 of Rabinowitz [24], 4 meets 092. By Lemma A.6,
the set Uy does not meet the boundary of Y, so % meets 92 only at ( = M.

By Lemma A.5, for every u € Uy, there corresponds an z* in the positive orthant
of R7, and u = 0 corresponds to zgf. (on the boundary of the positive orthant of R7).
Thus, there exists a continuum of equilibrium-pairs (¢,z*) € Z x R” that connects
the point (£, z4fe) to the hyperplane ¢ = Mz in R x R”. 0
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Proof of Theorem 4.3. When 6, = 0, we can explicitly evaluate h(¢,u) in the
nonlinear eigenvalue equation (A.18) from the equilibrium equations (A.8) as

Cis, —orene
A.25 h = (6n=0)"h “)
(4.25) ¢ (D(éh—o)ehev

since the coefficients of all the other higher order terms are zero. Although we do
not show the explicit representations for C(s, —g) and D(s, —g), they are both negative.
From (A.25) and (A.22) we can evaluate the second order expansion

Cis,-0)VAVB Crs,—
A.26 ho = (6n=0) ) _ ( (6,=0) ) .
( ) 2 51 (D(éh_o)\/ﬁ\/g D(§h:0)

As hsy contains only negative terms and w, v, and L contain only nonnegative terms,
(A.23) implies that {; is positive. Thus, by Lemma A.3, with no disease-induced
death, for any positive values of the other parameters there is a supercritical bifurca-
tion at Ry = 1. a0
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DERIVATION OF NEW QUANTUM HYDRODYNAMIC
EQUATIONS USING ENTROPY MINIMIZATION*
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Abstract. New quantum hydrodynamic equations are derived from a Wigner—Boltzmann model,
using the quantum entropy minimization method recently developed by Degond and Ringhofer. The
model consists of conservation equations for the carrier, momentum, and energy densities. The deriva-
tion is based on a careful expansion of the quantum Maxwellian in powers of the Planck constant.
In contrast to the standard quantum hydrodynamic equations derived by Gardner, the new model
includes vorticity terms and a dispersive term for the velocity. Numerical current-voltage charac-
teristics of a one-dimensional resonant tunneling diode for both the new quantum hydrodynamic
equations and Gardner’s model are presented. The numerical results indicate that the dispersive
velocity term regularizes the solution of the system.

Key words. quantum moment hydrodynamics, entropy minimization, quantum Maxwellian,
moment method, finite-difference discretization, numerical simulations, resonant tunneling diode,
current-voltage characteristics
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1. Introduction. Quantum phenomena in semiconductor devices are increas-
ingly important, as the characteristic lengths of modern devices are of the order of
only deca-nanometers. In fact, there are devices, like resonant tunneling diodes, whose
behavior is essentially based on quantum effects. Since the numerical solution of the
Schrodinger equation (or one of its approximations) or the Wigner equation is very
time-consuming, fluid-type quantum models seem to provide a compromise between
accurate and efficient numerical simulations. Moreover, quantum fluid models have
several advantages. First, they are formulated in macroscopic quantities like the cur-
rent density, which can be measured. Second, for the macroscopic quantum models,
the same types of boundary conditions are commonly employed as for their classical
counterparts.

A fluid dynamical formulation of the Schrédinger equation has been known since
the early years of quantum mechanics [26]. A simple derivation uses WKB wave
functions ¢ = y/nexp(iS/e) for the electron density n(x,t) and the phase S(z,t),
where € is the scaled Planck constant. Separating the real and the imaginary parts
of the single-state Schrodinger equation gives Fuler-type equations for n and the
“velocity” u= VS, which are called the quantum hydrodynamic (QHD) model. These
equations include the so-called Bohm potential Ay/n/\/n as a quantum correction
[17, 20]. In the semiclassical limit ¢ — 0, the classical pressureless Euler equations
are recovered.

In order to incorporate many-particle effects, we are aware of two approaches.
The first approach starts from the mixed-state Schrodinger—Poisson system [17, 20].
Defining the particle and current densities as the superpositions of all single-state
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densities, quantum equations for the macroscopic variables (particle density, current
density, and energy density) are derived. The system of equations is closed by ex-
pressing the heat flux heuristically in terms of the macroscopic variables.

The second approach starts from the (collisional) Wigner equation in position-
momentum space,

(1.1) Of +p-Vof +0VIf =Q(f),  (z,p) €R*, t>0,

where (z,p) is the position-momentum variable, ¢ > 0 is the time, and 0[V] is a
pseudodifferential operator defined by

(O[V]w)(z,p,t)

7 1 € € , i (p—n'
- z Snt) = —Int e @) qpdy’.
(27)d/2 /RM - {V(»’BwL ' > V(»’ﬂ 5 ﬂ w(z,p',t)e nap

The electric potential V' = V' (z,t) is self-consistently coupled to the Wigner function
f(z,p,t) via Poisson’s equation

(1.2) NAV = [ fdp-C,
Rd

where A is the scaled Debye length and C = C(x) the doping concentration charac-
terizing the semiconductor device. Notice that the collisionless Wigner equation is
formally equivalent to the Heisenberg equation for the density matrix.

The above approach allows for an abstract formulation of the collision operator.
In fact, we assume only that its kernel consists of the quantum thermal equilibrium
distribution (defined in section 2) and that the operator preserves certain moments.

The macroscopic variables are defined as the moments of the Wigner function over
momentum space; more precisely, we consider the particle density n= (1), the fluid-
dynamical momentum density nu = (p), and the energy density e = (1|p|?), where we
have used the notation (g(p)) = [ f(-,p)g(p)dp for functions g(p). In order to obtain
macroscopic equations as well, a moment method is applied to (1.1): we multiply the
equation by 1, p, and %\p|2 and integrate over the momentum space. This yields evo-
lution equations for n, nu, and e. However, the resulting system of moment equations
needs to be closed.

As a closure condition, Gardner [12] employed a quantum-corrected thermal equi-
librium distribution function in place of f in the derivation of the moment equations.
The use of this closure can be—formally—justified by a hydrodynamic scaling and
passage to the limit of vanishing scaling parameter. Gardner bases his choice of the
quantum equilibrium distribution on a result by Wigner [31]. Arguing that the elec-
tric potential is close to logn near equilibrium, he replaces V' by logn, which is the
origin of the Bohm potential.

Another approach, avoiding second derivatives of the potential, consists of deriv-
ing an approximate solution to the Bloch equation by an asymptotic expansion of the
solution for “small” potentials. This leads to the so-called smooth QHD equations in
which the potential V is replaced by a smoothed potential S[V], where S is a pseudod-
ifferential operator [14]. The drawback of this approach is that the numerical solution
of the “smooth” QHD model is a nontrivial task. Moreover, there is an ambiguity in
the interpretation of the temperature (see the remark in section 6 of [28]).

Our approach to defining a closure is based on Levermore’s entropy minimization
principle. This method was first employed in the context of classical gas dynamics [25]
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and has been recently extended to quantum fluids by Degond and Ringhofer [9]. The
idea is to define the equilibrium distribution as the minimizer My of the quantum
entropy subject to the constraints of given moments. (Here, we adopt the mathe-
matical sign convention of decreasing entropy.) The minimizer is called the quantum
Mazxwellian since there are some similarities to the classical Maxwellian of gas dynam-
ics (see section 2). The quantum Maxwellian My, as the solution of a constrained
minimization problem, depends on Lagrange multipliers which can be interpreted in
the O(g?) approximation as the logarithm of the particle density, the fluid velocity,
and the temperature, respectively. Expanding M in powers of ¢? and assuming as
in [12] that spatial variations of the temperature T' = T'(z,t) are of the order O(g?),
we derive the following QHD equations up to order O(g?):

(1.3) Ogn + div(nu) = 0,
O¢(nu) + div(nu ® u) + div P — nVV = 0,
Oe + div((P +el)u) +divS —nu-VV =0,

where I is the unit matrix in R?; the energy density equals

d 1 g2 1
= —nT + —nful> — —n( Al - = T
e=3gn —|—2n|u| 24n< ogn Ttr(R R)),

with the trace “tr” of a matrix; the quantities P (stress tensor) and S are given by

2

1
P=nTI - ;n((v ® V)logn — TRTR>,

g2 d d ) 3
S = 12n(<2 +1>RV1ogn+ <2 +2)d1vR+ 2Au)

g2 (d .
t133 §+1 n(RV logn + div R);

and the vorticity matrix R = (R;;) is the antisymmetric part of the velocity derivative,
(16) Rij = 83;]. U; — 896111]

A more general model, allowing arbitrarily large spatial deviations of the tempera-
ture, is derived in section 3. Employing a Caldeira—Leggett-type collision operator,
relaxation-time terms can also be included (see section 3.1).

The quantum correction (2/12)n(V ® V)logn to the stress tensor in the QHD
equations was first stated in the semiconductor context by Ancona and Iafrate [1] and
Ancona and Tiersten [2]. Since

e? g? Ay/n

12dlv(n(V ® V)logn) = 5 nV( Jn ),
the quantum correction can be interpreted as a force including the Bohm potential
Ay/n/y/n [11]. The hydrodynamic formulation of quantum mechanics has been em-
ployed in solid-state physics for many years; see, for instance, [18] and the references
in the review [22].

For € = 0 in (1.3)—(1.5), we recover the classical hydrodynamic equations. For

e > 0 and constant temperature, we obtain the same equations as derived in [21],
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where also the quantum entropy minimization method has been used. Our model
differs from Gardner’s QHD equations (formulas (1)—(3) in [12]) by the vorticity term
R and the dispersive velocity term in the energy equation (1.5),

2
1.7 divgs = E—div nAu).
8

The origin of this difference lies in the different choices of the quantum Maxwellian.
We refer to section 3.5 for a detailed discussion.

The term gs—but not the vorticity R—also appears in other QHD derivations. It
was derived in [13] from a mixed-state Wigner model and interpreted as a dispersive
“heat flux” (see formula (36) in [13]). Moreover, it appears in the QHD equations
of [16] involving a “smoothed” potential, derived from the Wigner-Boltzmann equa-
tion by a Chapman—Enskog expansion.

An interesting feature of the dispersive term (1.7) is that it stabilizes the QHD sys-
tem numerically. This statement needs some explanation. It is known that the numer-
ical approximation of Gardner’s QHD model (see (6.5)-(6.7)) is quite delicate. The
usual approach is to employ a hyperbolic solver, for instance an upwind method [12]
or a shock-capturing discontinuous Galerkin method [6], originally devised for the
classical hydrodynamic equations. It has been argued in [24] that a hyperbolic solver
may be inadequate for the QHD equations since the numerical viscosity might destroy
the dispersive quantum effects. Therefore, a central finite-difference scheme provides
an alternative (but still simple) numerical approach. In fact, a central finite-difference
approach for Gardner’s QHD equations fails, and a stabilization in the form of nu-
merical viscosity seems to be necessary. The dispersive term (1.7) allows us to solve
the new QHD equations by using a central scheme, thus avoiding numerical viscosity.

Another QHD model with physical viscosity has been derived in [19] using a
Fokker—Planck collision operator. This operator describes the interaction of the elec-
trons with a heat bath modeling the phonons of the semiconductor lattice. In nu-
merical simulations of a resonant tunneling diode, it turns out that the shape of the
current-voltage characteristic is unphysical if the temperature is kept constant [24],
and that the diffusion effects are too strong compared to the quantum dispersion [23].

In this paper we present the first numerical simulations of a QHD model in-
volving the term (1.7). More precisely, a simple one-dimensional resonant tunneling
diode is simulated. The current-voltage characteristics show multiple regions of neg-
ative differential resistance. The dispersive term (1.7) has the effect of “smoothing”
the current-voltage curve; i.e., it decreases the peak-to-valley ratio, the quotient of
the peak to the valley current.

We also examine the existence of conserved quantities of the new QHD equations.
Clearly, the mass is conserved. We prove that also the energy E = [(e+\?|VV|?/2)dx
is conserved. This provides gradient estimates for the particle density, velocity, and
temperature, which is useful in the mathematical analysis of the equations.

We summarize the advantages of our approach:

e Starting from the Wigner-BGK (Bhatganar—Gross—Krook) equation, no ad
hoc assumptions are needed in order to derive the QHD equations.

e An energy for the new model can be defined, leading to useful mathematical
estimates.

e The dispersive velocity term seems to stabilize the (numerical) solution of the
system.

e The new model provides current-voltage characteristics showing negative dif-
ferential resistance effects.
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The paper is organized as follows. In section 2 we specify our definition of the
quantum Maxwellian, which is used as the closure in the moment method developed in
section 3. Section 4 is devoted to simplified QHD models, and the system (1.3)—(1.5)
is derived. In section 5 we prove that the energy of the system is conserved. Finally,
in section 6, the new QHD model (1.3)—(1.5) is numerically discretized and solved in
one space dimension, and simulations of a resonant tunneling diode are presented.

2. Definition of the quantum Maxwellian. In order to define the quantum
Maxwellian, we first recall the Wigner transform. Let A, be an operator on L?*(R?)
with integral kernel p(z, '), i.e.,

(A,0)(z) = / p(x, 2 )p(z')dx’ for all ¢ € L*(RY).

Rd

The Wigner transform of A, is defined by

1 3 £ in-
W(Ap)(x,p) = W /de<ff+ 5T 277>€ "Pdn.

Its inverse W1, also called Weyl quantization, is defined as an operator on L2 (Rd):

(WH(Ne) (@) = /R 5 f(“’ . y)sb(y)eip“”/fdpdy for all ¢ € L*(R).

With these definitions we are able to introduce the quantum exponential and the
quantum logarithm formally by

exp f=W(expW™'(f)),  Logf=W(ogW™(f)),

where exp and log are the operator exponential and logarithm, respectively. In [8]
it was (formally) shown that the quantum exponential and quantum logarithm are
equal to the usual exponential and logarithm, respectively, up to order O(g2),

(2.1) expf=expf+0(?), Logf=logf+O().

The essential ingredient in the definition of the quantum Maxwellian is the relative
quantum entropy. Let a quantum mechanical state be described by the Wigner func-
tion f solving the Wigner equation (1.1). Then its relative quantum (von Neumann)
entropy is given by [9]

2
15 = [ fan)((Woe o)~ 1+ B - Vi) o
Whereas the classical entropy is a function on the configuration space, the above
quantum entropy is a real number, underlining the nonlocal nature of quantum me-
chanics.

We define the quantum thermal equilibrium or quantum Mazwellian My for some
given function f(z,p) as the solution of the constrained minimization problem

(2.2)
1 n(x,t)
H(Mjy) = min H(f) f(x,p,t) D dp = |nu(z,t)]|, z€R: t>0p,
R p[*/2 e(w,t)
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where

n(z,t) = (1)(z,t) / f(z,p,t)dp,
nu(e,t) = (p)(. ) = / £(. p, t)pdp,
efa, 1) = 5 {IpP)a / f(x.p.6)|p[2dp.

In [9] it is shown that the solution f* of the constrained minimization problem (if it
exists) is given by

(2~3> Mf(x,p, t) = exp (A(x,t) _ |p—w(x,t)|2)

2T (x,t)

The Lagrange multipliers A, w, and T are uniquely determined by the moments of f.
They correspond in the classical setting to the logarithm of the particle density, the
velocity, and the temperature, respectively (see Lemma 3.4).

3. Derivation of the general QHD model. The derivation of the new QHD
equations is done in several steps. First, we derive the moment equations. Then the
quantum exponential is expanded in powers of €2 up to order O(g%). The third step
is to expand the moments accordingly. Finally, the expansions are substituted into
the moment equations.

3.1. Moment equations. We consider the Wigner—Boltzmann equation (1.1)
in the hydrodynamic scaling; i.e., we introduce the scaling

2’ =6z, t =6t

for some parameter § > 0, which is assumed to be small compared to 1. Then (1.1)
becomes for f = fs (omitting the primes)

(3.1) Ofs +p-Vals +0[V]fs =67'Q(fs), (x,p) €R*, >0,

with initial condition fs(x,p,0) = fr(x,p). We assume that the collision operator has
the following properties: its kernel consists exactly of (multiples of) M, and

32 [ Qdp=o, / Q(f)pdp =0, / Q)L pPdp =0 for all f(x,p).
Rd Rd Rd

An example satisfying these conditions is the relaxation-time or BGK operator Q(f) =
My — f (with scaled relaxation time 7 = 1) [4].

A more general collision operator, allowing for relaxation-time terms in the macro-
scopic equations, can be defined as follows. Assume that the collision operator can be
written as Q(f) = Qo(f) +6Q1(f), where the operator Qo (f) models elastic collisions
and satisfies the conditions (3.2); Q1(f) is given by the Caldeira—Leggett operator [5]

Qi) = vy (pf) + A ),

modeling inelastic collisions; and 7, is the momentum relaxation time. Then

(3.3)
L= [ apwin=-2 [ auninl dp—_fp<e_§n)
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which is (a special case of ) the momentum and energy relaxation-time terms employed
in [12].

The formal limit § — 0 in (3.1) yields Q(f) = 0, where f = lims_, fs, which im-
plies that the limit f is equal to M. The moment equations are obtained from (3.1) by
multiplication with 1, p, and %\p|2, respectively, and integration over the momentum
space. Since

0[V]fdp =0, /Rd 0[V]fpdp = —nVYV, /Rd OV1f5lplPdp = —nu - VV

R4

(see, e.g., [8]), we obtain

(3.4) On + div(nu) = 0,
(3.5) Ot(nu) + div(p ® py — nVV =0,
(3.6) dre + div(3|p|?p) — nu-VV =0,

where (p ® p)i; = pip; for i,j =1,... ,d. Recall that the brackets denote integration
against the Wigner function f = My; i.e., in multi-index notation,

o) ant) = [ My

for multi-indices & € N?. When employing the Caldeira-Leggett operator defined
above, the right-hand sides of (3.4)—(3.6) equal the right-hand sides of (3.3). To close
the system (3.4)—(3.6), we need to express the integrals (p ® p) and (3[p|?p) in terms
of the moments n, nu, and e. This constitutes the main step of the derivation.

The following computations are simplified by working with the new variable s =
T~2(p — w), where w is the Lagrange multiplier introduced in (2.3). In terms of s,
the quantum Maxwellian reads as

My(ap(e) = exp (A0) = gl ) =5 g(o.0)

From now on, we omit the dependence of the time ¢ since it acts only as a parameter.
The substitution p — s yields

(sM)(x) = T‘i/2/ g(z, s)s%ds.
Rd
In the following lemma we express the moments (p®) in terms of moments in s. This
allows for a more canonical form of the QHD equations.
LEMMA 3.1. The system (3.4)—(3.6) is equivalent to

(3.7 Ogn + div(nu) = 0,
(3.8) O¢(nu) + div(nu ® u) + div P — nVV =0,
(3.9) Oe + div((P +elu) +divS —nu-VV =0,

where I is the identity matriz, v = (nu)/n, P = ((p —u) @ (p — w)) is the stress
tensor, and S = (3(p—u)|p—ul?) is the (quantum) heat fluz. Moreover, the following
expansions hold:

(3.10) P=T(s®s)+0("), S= %T3/2<\s\25> - (g + 1>T3/2<s> + O(eh).
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Proof. The formulation (3.7)—(3.9) follows immediately from (3.4)—(3.6) since

1
(p®p)=P+nu®u and <2p|2p> =S+ (P+el)u.

Using the expansion (2.1), elementary integrations yield for 7,5 =1,... ,d,
(3.11) (1) = Td/2eA/ eI 245 4 O(2) = (20T) 24 4+ O(e2),
R4
(3.12) (5:) = Td/QeA/ eI 2545 + O(e2) = O(e2),
Rd

(3.13) (sis5) = Td/zeA/ 67|5‘2/25isjd5 + O(e%) = néi; + O(e?).
Rd

The relations n = (1), (w) = w(1) = nw, and nu = (p) = (T*/?s +w) = T/?(s) + nw
give for the second moments

(pep)=T(s®s)+ <(T1/23 +w)® (TY?s +w) — (T%s) ® (T1/25)>
=T(s@s) + T (s) @ w+ T 2w ® (s) + w @ w(l)
=T(s®s) + %(Tl/% +w) @ (TY%s + w) — %8) % (s)
=T(s®s)+nu®u+0(e),

where in the last equality we have employed (3.12). Therefore, P = (p®@p) —nu®@u =
T(s® s) + O(e?). In a similar way, we compute the third moment:

1 1 1
SApPp) = STYA(TY 25 +wf2s) + Su(lol)

1 1
= §T3/2<\s|2s> +T{s® s)w + §T1/2|w|2(s> + ew

1 1
= §T3/2<\s|23> +(P+el)w+ §T1/2|w|2<s).

By (3.11) and (3.12), the energy density can be expanded as

1 T 1 d 1
e = 5{IpP) = {IsP) + T 2w (s) + SJwlP(1) = SaT + Znluf +O().

Thus, since w = u — T/?(s) /n and P = nTI + O(e?), we obtain

1/2

: 1
SpPp) = 5T%/2sf?s) + (P + elyu - (P el - 2n|w|21> (s)

- %T3/2<|5|28> +(P+elu— T:Q <<‘; + 1>n1 + O(sz)> (s).

This shows that S = ([p|’p) — (P + eu = 2T%/2(|s|%s) — (d/2 + 1)T3/?n(s)
+0(eh). O
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3.2. Expansion of the quantum exponential. We wish to give asymptotic
expansions of P, S, and U up to order O(e*). For this, we first need to expand the
quantum Maxwellian. This is done by means of the following lemma, which is adopted
from [9)].

LEMMA 3.2. Let f(x,p) be a smooth symbol. Then the quantum exponential exp f
can be expanded as follows:

2
€
expf=el — gefQ + 0(64)7
where, using Einstein’s summation convention,

1
Q = aiz_,-fa2ipjf - azipjfaQimjf + 585117f8p1f8p]f

2 1
(3.14) - gagipj fOp fOu, f+ ga;pj fO0u,fOu, f.

In the situation at hand, the symbol is f(z,p) = A(z) — |p — w(z)|?/2T(x). Then
we obtain the following result.

LEMMA 3.3. The quantum correction (3.14) can be written for f(z,p) = A(z) —
Ip — w(x)|?/2T(x) as follows:

Q(s) = 71 (XO + Xilsi + X?jsisj + Xf’jksisjsk

(3.15) +Y O] + Vi [s[?si + Yii[s[?sis; + Z2°]s[),

where the coefficients X*, Y, and Z are defined by
X0=_AA- 1|VA|2 + Ltr (ETE)
3 2T ’
2 1 ~ 1
1 [ — — — o — .
Xi - T1/28w7n <3A logT>Rm’L \/TAU}Z’

X2= Loz Ay %am (10g T)0y, A — Oy, (log T)dy, (log T)

3 TiTj

1

(BT R);

1
3 _ 2
ijk — 3T1/2 axixj

Wi,
. 1 1 1
Y'=vV ilonggA -V(logT) — §A(logT)7

1 -
1_ .
i =371 Oz,, (log T) R,

1
Y2 = (92, (08 T) + 0., (10g 1), (log 7)) .

1
7° = — V(1o T) P,

and ﬁij = Op,w; — Oz, w;. The symbol “tr” denotes the trace of a matriz.
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Proof. The proof consists of computing the relevant derivatives of f with respect
to x; and p;, namely,

1
Op, f = 0, A+ T_laziwk(p —w) + ET_28$1.T|;0 — w|2
1
= 0y, A+ T V20, wisy, + §T_18$iT|s|2,

=07,

J

A — T_lawiwkaxjwk — T_QGIJ. TO,, wi(p — w)k + T_lﬁiﬂjwk(p —w)g

2

8wiw J
1

— T720,, Ty, wi(p — w)i, — T30, T0,, Tlp — w|* + §T_28§ij|p —wl?

=92 A-— T_laziwkﬁxjwk — T‘3/26$jT8mwksk + T_l/QaiﬂjwkSk

e
—T7%29,, 70, wisk — T~20,,T,,T|s|* + %T*laimﬂsﬁ
Op f =T (p—w); = -T2,
Op o [ =T 00,w; + T 20, T(p—w)i =T 0 w; + T~%%0,,Ts;,
02, f =—T""8;,
and the products appearing in the sum (3.14), which are
02,0, F 0y F = (=T 'AA =T3P Awy, + T72|Vw|? + 2T 2VT - Vg ) s

2
02 f O f =T 200 w0y w; + 2T /20, TOp wis; + T 0,,T0,, Ts;s;,

02,0, f O f Op, f = (T7102,,, A — T 7200, wi00,we) 8155
+ (T_?’/Qaizjwk — 2T_5/28miT8mjwk)sisjsk

1
+ <T2AT - T3|VT|2> |s]2,

+ <;T28§ﬂjT - T38I1T6'IJT) |s[%s;55,
3§ipjf3pif8$jf = —T7%/29,,Ad,,wes; — T*2aziT8zj As;s; — szamiwjam]. W S; Sk
—T*5/28ziT8mjwksisjsk — %T*5/28Iiwj8ij\s\2$i
- %T_BaxiTaij|s|2sisj,
fOuf O, f =T VAP —2T7*2VA - Vuys, — T"*VA- VT|s|?

2
8?1‘ Pj

1
— T72Vwy, - Vwgspsy — T2VT - Vwy|s|*s), — ZT_3|VT‘2‘S‘4.

Inserting these expressions into (3.14) and simplifying, we arrive at (3.15). a

3.3. Expansion of the moments. The aim of this subsection is to specify the
integrals (s%) in order to expand the moments n, nu, and e. By Lemma 3.2, we obtain

(65 =1 [ glas)stds
]Rd
) 2
= /2 / eAlol/2 (1 - ZQ(S))S“dS +0(e)
Rd

- <2wT>d/2eA([s°‘1 - [Q(s)s“]) Lo,
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where [g] denotes the integral of a function g = g(s) against the classical Gaussian
kernel,

o) = (272 [P gy

Notice that from the expansion

2
(3.16) n= (1) = 2aT)¥ %A <1 - [Q(s)]> +0(e%)
it follows that
2
(317) 50) =151+ S (9] - [0(5%) ) + O(e™)

Thus it remains to calculate the integrals [Q(s)s®].
Integrals of type [s*] can be computed explicitly. Using

0 if m is odd,
R 3 ifm=4,
15 if m =6,
it becomes a matter of combinatorics to conclude for i, j, m, n=1,... ,d,
[sis;] = 6ij
[Is]?] = d
[5 SJSWLST] 6 mn + 6im6jn + (Sin(sjm;
[ssjl |] (d+2> R
[Is"] = d(d +2),
[S 538m8n| | ] - (d+ 4) (613 mn T 6lm6jn + 61n6jm)
[smsn|s|*] = (d + 2)(d + 4)6pn.

Then the expansion of Q(s), given in (3.15), yields the following formulas:

(3.18) (Q(s)] =X+ > X7 +dY0+ (d+2)> Y +d(d+2)Z°

4 4
(3.19) [Q(s)sm] = Xy + > (Xinee + Ko + Xip) + (d +2)Y,5,

4
(3.20) [Q(s)s2,] = [Q(s)] + 2X7,,,, +2Y° + 2 Vi +2(d+4)Y,,

4
+4(d+2)2°,

(3.21) [Q(8)8msn] = (X2, + X2,) + (d+4) (Y2, +Y2,),
(322) [Q(S)|5|2SM} = (d + 2)X71n + (d + 4) Z (Xmﬂ + Xémé + Xgém)

14
+(d+2)(d+4)Y}.
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LEMMA 3.4. The moments n, nu, and e can be expressed in terms of the Lagrange
multipliers A, w, and T asymptotically as follows:

2
(3.23) n=(27T)%%eA — QZT(%T)W%A{ —2AA — |VAP? + (d —2)V1ogT - VA

S nswer- (2 1)(42)

x |ViogT|* + 1, (RTR)}+ O(eh),

(3.24) nu=nw+T'U,

2

d 1
§nT—i— n|u|2—n{Alogn—Ttr(RT )+ 7|V10gT\2

(3.25) —AlogT—V]ogT-Vlogn} +0(eh).

Notice that (3.23) and (3.24) imply the inverse relations

d d 9 9

(3.26) Azlognfglong510g(27r)+0(5 ), w=u+0().
In particular, the vorticity matrices R and R, defined in (1.6), coincide up to order
O(e?) since R;; = Oju; — iuj + O(e?) = R;j + O(£?).

Proof. The formula for the particle density (3.23) is obtained by first substituting
the expressions for the coefficients X, Y, and Z into (3.18). This yields [Q(s)] in

terms of A, w, and T'. Inserting the result into (3.16) then gives (3.23).
In order to derive (3.24), we write, by the definition of U (see (3.10)),

nu = (T'%s + w) = TY?(s) + w(1) = T7'U + nw.

Hence, u — w = U/nT = O(g?). The above equations also show that T'/%w - (s) =
nu - w — n|w|?. Hence, using (1) = n,

1 T 1
e= L (T2 twP) = T () + 120 (s) + S ()
T 1 1
= S {IsI*) +nu-w = Snjwl* = <| ° >+* [uf? = Snlu —wl*.
In view of (3.26), we have |u — w|? = O(g?), from which we conclude
T 1
= 5 {IsI*) + 5nlul* + O(eh).
2 2
The bracket {|s|?) can be computed from (3.17), employing [|s|?] = d,

(sl*) = dn + %nz ([Q(s)] = [Q(s)s7]) + O(e").

Substitution of (3.18) and (3.20) into the above expression and elimination of A and w,
using (3.26), gives (|s|?) in terms of n, nu, and T. This finally leads to (3.25). 0
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3.4. Expansion of the terms P, S, and U. The QHD equations (3.7)—(3.9)
are determined by the following expansion of the auxiliary terms P, S, and U, defined
in (3.10), in terms of the macroscopic variables n, nu, and e.

LEMMA 3.5. The following expansion holds:

2 d
P=nTI+ ;n{ <2 +1)V10gT®V10gTVlogT@Vlogn

.. R'R
(3.27) —Viegn®@ ViegT — (V& V)log(nT?) + T
g2, . [ VlegT 4
+12lev(n T )I—I—O(E )s

g2 d n d . 3
(3.28) S= 1271{ <2 + 1>RV10g <T> + (2 + 2)d1vR+ 2Au}

e (d n
2 —(=+1 log ( = i 4.
(3.29) +12(2+ )n{RV og(T2)+d1vR}+O(e)
Proof. We apply formula (3.17) to obtain for all m, n =1,... ,d,

82

g2 g2 (d f

Sy = ——nT3?[Q(s)|5*sm] + — ( + 1) nT32[Q(5) 8.
16 8\ 2

Then the components of P are computed by employing (3.18) and (3.21), substituting

the definitions of the coefficients X, Y, and Z, and replacing A and w by n and nu

according to (3.26). In a similar way, S is evaluated using (3.19) and (3.22). O

3.5. Discussion of the QHD equations. The differences between our QHD
equations and Gardner’s model can be understood as follows. In both approaches,
closure is obtained by assuming that the Wigner function f is in thermal equilibrium.
However, the notion of “thermal equilibrium” is different.

In order to illustrate the differences, we recall the classical situation. For a system
with the Hamiltonian h(x,p) = |p|?/2+ V(z), the unconstrained thermal equilibrium
distribution is given by the Gibbs measure fo(x,p) = exp(—h(z,p)/To), which mini-
mizes the relative entropy S = [ f(log f—1—h/T,)dp. Here, T denotes a temperature
constant. If mass, momentum, and energy densities are given, the constrained ther-
mal equilibrium is realized by a suitable rescaling and a momentum-shift of the Gibbs
state,

(3:30) Fotw.p) = nla) exp = 22 ),

T(x)

The temperature T'(x), which is a Lagrange multiplier coming from the minimization
procedure, is determined from the given energy density. The choice of fG as a thermal
equilibrium function has its physical justification in the fact that it is the unique
minimizer of the relative entropy S with the prescribed moments.

Analogously, a quantum system, which is characterized by its energy operator
W1(h) (recall that W ! is the Weyl quantization), attains its minimum of the rela-
tive (von Neumann) entropy in the mixed state with Wigner function fg = exp(—h/Tp).
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This state represents the unconstrained quantum thermal equilibrium. The expansion
of fg in terms of the scaled Planck constant €2 was first given in [31],

h(z,p
fatwp) =exp (= "5 ) (14 o) + OFC)
with an appropriate function fy. As a definition of the quantum equilibrium with
moment constraints, Gardner employed this expansion of fo and modified it as follows:

h(z,p — u(z))

(3.31)  fo(z.p) =n(z) exp ( T T

) (1 + 2 fo(z,p — u(x))) +O0(e%).
These modifications mimic the passage from the Gibbs state to (3.30) in the classical
situation. The use of fQ as an equilibrium function results in simple formulas for
the moment equations. However, the Wigner function (3.31) is an ad hoc ansatz.
Moreover, in contrast to the classical case, fQ is mot the constrained minimizer for
the relative von Neumann entropy.

The equilibrium state M ¢ used here is a genuine minimizer of the relative quantum
entropy with respect to the given moments. In the spirit of the classical situation,
these equilibria seem to be more natural. The price we have to pay is the appearance
of various additional terms in the expansion of M.

If the temperature is assumed to be constant and if only the particle density is
prescribed, both approaches to defining a thermal equilibrium coincide. In order to
see this, we write Gardner’s momentum-shifted quantum equilibrium more explicitly
than in (3.31):

2
7 _ VTP & Ligves Lo, 1
fo(z,p,t) =e b {1+ ST2 ( AV + 3T‘VV| + 3szpjawwjv +0(e%).
The equilibrium function obtained from the entropy minimization with given particle
density equals (see [21, Remark 3.3])

f(z,p,t) = exp (A(%t) _ lng)

2
APy L B (aar v Lona 4 4
e { + 5T (A + 3|V | 3szp38mimj + O(e*).

Both approximations are essentially derived in the same way. Using n = f dep =
(27T)¥2e=V/T 4+ O(?) and assuming constant (or “slowly varying”) temperature,
Gardner has substituted VV = —T'V logn + O(g?) into the formula for fQ in order to
avoid the second-order derivatives of the potential. This substitution in fact yields the
approximation f since, by (3.26), VA = Vlogn + O(g?), and thus, both expansions
fQ and fcoincide.

4. Simplified QHD models. The full QHD model is given by (3.7)—(3.9) with
the constitutive relations (3.27)—(3.29). In this section we will discuss some simplified
versions. We recall the QHD equations

(4.1) On + div(nu) = 0,

(4.2) O¢(nu) + div(nu ® u) + div P — nVV = 0,
(4.3) de + div((P +el)u) +divS —nu-VV =0,
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where e is the energy density given by (3.25), and P, S, and U are given by (3.27)—
(3.29) (without the O(g*) terms).

First, we shall assume that the temperature is slowly varying in the sense of
VlogT = O(£?). Then the expressions 2V log T in (3.27)—(3.29) are of order O(e?)
and can therefore be neglected in our approximation:

g2 R'R

(4.4) PnTIlQn<(V®V)logn T ),

g2 d d . 3

S = —un{ <2 + 1>RV1ogn+ (2 + 2>d1vR+ 2Au}

e? (d

(45) + 12(2 + 1)n{RV logn+divR},
_d 1 , €2 1 T

(4.6) e= inT + §n|u| — 5" (A logn — Ttr (R R))

The stress tensor P consists of the classical pressure nT" on the diagonal, the “quantum
pressure” (¢2/12)n(V ® V)logn, and the vorticity correction (¢2/12)nRT R/T. The
term S provides additional quantum corrections not present in [12]. The energy density
consists of the thermal energy, kinetic energy, and quantum energy. Again, due to
the vorticity R, the energy takes a different form than the expressions in [12, 16].

Further simplifications can be obtained if the vorticity is “small,” i.e., R = O(?).
In one space dimension this term always vanishes. If R = O(£?), then £2R is of order
O(g*) and can be neglected. We obtain the QHD equations

(4.7) On + div(nu) = 0,

2

(4.8)  O¢(nu) +divinu @ u) + V(nT) — %div(n(v ® V)logn) —nVV =0,
2

(4.9) Oe + div((P +el)u) — 8gdiv(nAu) —nu-VV =0,

with the stress tensor and energy density, respectively,

P—nTIfin(V@)V)lo n e—gnTJr}n\uF—inAlo n
- 12 s —2" T gq B

This system of equations corresponds to Gardner’s QHD model (without relaxation-
time terms) except for the dispersive velocity term (2 /8)div(nAu). We already men-
tioned in the introduction that this term has been derived also by Gardner and
Ringhofer [16] by employing a Chapman—Enskog expansion of the Wigner—Boltzmann
equation. They do not obtain vorticity terms, since they assume that the quantum
equilibrium distribution is an even function of the momentum p. Roughly speak-
ing, this gives (in our context) the quantum exponential exp(A — |p|?/2T) instead of
exp(A — |p — w|?/2T). The Lagrange multiplier w, however, is responsible for the
presence of the vorticity term R.

Interestingly, most quantum terms cancel out in the energy equation. In fact, by
substituting the above expression for the energy density in (4.9), a computation yields

2 2
Ot (nT) + div (nTu) + Eanivu - %div(nAu) =0.
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5. Conserved quantities. In this subsection we show that the mass and energy
are conserved for the system (3.7)—(3.9) and (1.2) with the relations (3.27)—(3.29),
neglecting the O(e%) terms. The momentum is not conserved due to the electric force
given by [nVVdz.

LEMMA 5.1. The mass N(t) = [ndx and the energy

)\2
E(t):/ <e+|VV|2>d:r,
Rd 2

where e is defined in (3.25) (without the O(e*) term), are conserved; i.e., dN/dt(t) = 0
and dE(t)/dt =0 for all t > 0. Furthermore, the energy can be written as

_ d 1 9 A2 9 g2 9 £2d 9
E(t) = /R <2nT+ Frlul® + S Vv + E|v\/ﬁ| + g "V 1og T

2

€ T
1 — > 0.
(5.1) + 24Tntr(R R))dm >0

Proof. The conservation of N is clear. In order to prove that E is conserved, we
differentiate E and employ (4.3) and (1.2),

dE
= = / (Bre + N2VV - VO,V )da = / (nu-VV — \2VO,AV)dz
dt Rd Rd

= / (—=div(nu)V — Von)dx = 0,
Rd

taking into account (4.1). Next we prove formula (5.1). The integral of the energy
density e can be written as

2
48

d

1 2
B= [ (G074 galul + SRV I TE + Spn (kTR )do
Rd

24T
2

Jr%l (anlogn+nAlogT+nV10gT.VIOgn)dz_
Rd

The last integral equals, after an integration by parts,

2 2
c (4)Vv/n|> = Vn - Viog T + nVlog T - Vlogn)dx = c / |V v/n|*dz,

24 Jra 6 Jra

which shows (5.1). O

The energy (5.1) consists of, in this order, the thermal energy, the kinetic energy,
the electrostatic energy, and the energy of the Bohm potential. The remaining two
terms represent additional field quantum energies associated with spatial variations
of the temperature and the vorticity. These last two energy terms are new; i.e., they
do not appear in the QHD equations of [12].

In the case of the QHD equations with slowly varying temperature, i.e., (4.1)—
(4.3) and (1.2) with the definitions (4.4)—(4.5), the energy is given by (5.1) except
the term involving |VlogT|?. If, additionally, the vorticity is “small,” i.e., in the
case of the model (4.7)-(4.9) and (1.2), which is used in the numerical simulations of
section 6, the energy is equal to (5.1) except for the last two terms.

Unfortunately, we are not able to prove the conservation of the O(e*) approxi-
mation of the quantum entropy and the positivity of the particle density (as for the
model in [9]) since we obtain O(e?) correction terms which do not vanish.
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FiG. 6.1. Geometry of the resonant tunneling diode and external potential modeling the double
barriers. The Al mole fraction is x = 0.3.

6. Numerical results. In this section we present the results from our numerical
simulations of a simple one-dimensional Gallium arsenide (GaAs) resonant tunneling
diode, using the new QHD system. The aim is also to compare the new equations with
Gardner’s QHD model; in particular, the influence of the dispersive velocity term will
be explored.

The geometry of the tunneling diode is chosen essentially as in [12] (see Fig-
ure 6.1). The diode consists of highly doped 50 nm GaAs regions near the contacts
and a lightly doped middle region (the channel) of 25 nm length. The channel contains
a quantum well of 5nm length, sandwiched between two 5nm Al,Ga;_,As barriers
with Al mole fraction x = 0.3. The double barrier heterostructure is placed between
two 5nm GaAs spacer layers. The total length of the device is thus 125nm. The
double barrier height is B = 0.209eV. It is incorporated into the QHD equations by
replacing V by V + B.

For our simulations, we use the one-dimensional stationary QHD equations for
small temperature variations Vlog T' = O(g?) coupled to the Poisson equation for the
electric potential. Including the physical parameters, these equations read as follows:

2
2 2 T)y — —(n(l wr)e — =
(6 ) m(nu )I +kp (TL )I 129m (’I’L( og n)aw)ab qnV, =0,
5 1 . R
(6.3) ikB(nTu)x + Em(nu o — S—m(nu(log N) gz + Mgy )e — qnuVy = kpo(nTy) s,
(6.4) esVaor = q(n = C).

The physical constants in the above equations are the effective mass m, the Boltz-
mann constant kg, the reduced Planck constant &, the elementary charge ¢, and the
semiconductor permittivity ;. The values of these constants are given in Table 6.1.
The parameter o is defined by

kpTh
o= KT ,
m

with the thermal conductivity k, the relaxation time 7, and the lattice temperature
To.
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TABLE 6.1
Physical parameters for GaAs.

Parameter | Physical meaning Value

q Elementary charge 1.602 - 10719 As

m Eeffective electron mass 0.067 - mg with mg = 9.11- 10731 kg
kp Boltzmann constant 1.3807 - 10722 kgm? /52K

h Reduced Planck constant 1.0546 - 10734 kgm?/s

€s Semiconductor permittivity | 12.9 - 8.8542 - 10712 A2s% /kgm?

T0 Momentum relaxation time | 0.9-10712 s

To Lattice temperature TTK

We have allowed the heat flux kgo(nT, ), since this term has also been used by
Gardner [12] in his model, with which we wish to compare our numerical results.
In fact, we need this term for numerical stability as it is needed in Gardner’s QHD
equations. We expect that the heat conductivity can be obtained by a Chapman—
Enskog expansion of the Wigner-Boltzmann equation, but additional diffusion terms
might appear.

Using a standard scaling (see, e.g., [19]), we derive the scaled QHD equations
(1.2)—(1.5) of the introduction, where the nondimensional parameters are given by

2 hz 2 ESkBTO

N kaT0L27 B QQC*L2'

Here, L is the device length and C* the maximal doping concentration. For the values
we used in the numerical simulations below (see Table 6.1), we obtain &2 ~ 0.011,
which justifies our expansion in £2.

We compare the numerical results with Gardner’s QHD equations, which do not
contain the dispersive expression (1.7) in the velocity but additional relaxation-time
terms of Baccarani-Wordeman type [3]:

(6.5) (nu), =0,
2
(6.6) m(nu?), + kp(nT), — g—m(n(log )aa)e — qnVy = fmT’Z“
ék (nTu), + 1m(nu?’) — h—z(nu(lo N)gz)z — qruV,
1
(6.7) =kpo(nTy)y, — — <e - gnTo),
Tw

together with the Poisson equation (6.4). Here, the momentum and energy relaxation
times are given by, respectively,

T Tp 3T
Tp:TOT, Tw:2<1+mv§>7

where 7 is given in Table 6.1 and v, = 2 - 107 cm/s is the saturation velocity. The
inclusion of these terms (at least if 7, = 7,/2) can be justified by employing a
Caldeira—Leggett scattering operator as exposed in section 3.1. We observed that
the relaxation-time terms in Gardner’s QHD model are necessary for numerical sta-
bility; on the other hand, they lead to severe numerical difficulties when included in
the new QHD equations.
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Fi1c. 6.2. Left: Current-voltage characteristic for the new QHD system with thermal conductiv-
ities k = 0.2 (solid line) and k = 0.3 (dashed line). Right: Influence of the dispersive velocity term
(62/8)(nuzg )z on the current-voltage curve for thermal conductivity x = 0.2.

The above QHD equations have to be solved in the interval (0,1) with the fol-
lowing boundary conditions taken from [12]:

n(0) = C(0), n(1)=C(1), nu(0)=ny(1)=0,
uz (0) = uy(1) =0, T(0)=T7(1) =Ty, V(0)=0, V(1)="Uy,

where Uy is the applied voltage.

First, we discretize the new QHD equations (6.1)—(6.4) using central finite differ-
ences on a uniform mesh with NV = 500 points. This corresponds to a mesh size of
Az = 1/500 = 0.002. The resulting discrete nonlinear system is solved by a damped
Newton method with damping parameter found by a line search method (see Algo-
rithm A6.3.1 in [10]). We employ the following continuation method for the applied
voltage: first the system of equations is solved for applied voltage Uy = 0V; then,
given the solution corresponding to the voltage Uy, it is taken as an initial guess for
the solution of the system with applied voltage Uy + AU. The voltage step is chosen
as AU =1mV.

The current-voltage characteristics using the thermal conductivities x = 0.2 and
k = 0.3 are presented in Figure 6.2. There are apparently two regions of negative
differential resistance (NDR) if k = 0.2, and three NDR regions if x = 0.3. It is well
known for Gardner’s QHD model that the behavior of the solutions is quite sensitive
to changes of the value of the thermal conductivity. We observe a similar sensitive
dependence: the peak-to-valley ratio, i.e., the ratio of local maximal to local minimal
current density, is larger for larger thermal conductivities.

The electron density shows a charge enhancement in the quantum well, which is
more pronounced for smaller k (see Figure 6.3(left)). At the center of the right barrier,
the electron density dramatically decreases. After the first valley in the current-
voltage characteristics, the density develops a “wiggle.” This phenomenon is not a
numerical effect, since it has been observed in various numerical simulations [24, 27].
For larger values of the thermal conductivity, the minimum of the particle density
increases, which stabilizes the numerical scheme.

Next, we study the influence of the dispersive velocity term (£2/8)(nuyy),. For
this, we replace the factor £2/8 by 62 /8 and choose various values for 6. Clearly, only
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F1G. 6.4. Thermal energy density (left) and velocity (right) before (dashed line) and after (solid
line) the first valley computed from the new QHD model (thermal conductivity kK = 0.2).

6 = € corresponds to the physical situation. The dispersive velocity term indeed regu-
larizes the equations in the sense that the current-voltage curves become “smoother”
(see Figure 6.3(right)). A similar “smoothing” has been observed in [23, 24] for the
viscous QHD equations, but there the smoothing originates from a diffusive and not
from a dispersive term. For smaller values of §, the peak-to-valley ratio of the first
NDR region becomes larger. For 6 = 0, we arrive at Gardner’s QHD equations without
relaxation terms. We already mentioned that a central finite-difference discretization
fails for this model; therefore, the limit 6 — 0 cannot be done numerically.

In Figure 6.4 the thermal energy density 2nkpT and the velocity u = J/(qn) are
reported. The velocity profile is very similar to that computed from Gardner’s model
(see Figure 6.5, N = 500). The velocity is high in the barriers and rather small in the
well; i.e., the electrons spend more time in the quantum well than in the barriers. On
the other hand, the temperature of the new QHD model differs from that obtained by
Gardner’s QHD model, particularly in the region between the barriers. The heating
in the well in our model can probably be explained by the central scheme that we
have used. Gardner’s upwind scheme involves some numerical diffusion that seems to
bring down the thermal energy in the quantum well. We notice that VlogT is not
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of order O(g?), as assumed in the derivation of the model, except in the high doped
contact regions.

The influence of the effective mass on the current-voltage curves is shown in
Figure 6.6(left). Corresponding to the effective masses m = 0.067mg, m = 0.092my,
m = 0.126my, the peak-to-valley ratios are 1.44, 1.79, 2.37, respectively. Here, mg
denotes the electron mass at rest. Similarly to the quantum drift-diffusion model,
the peak-to-valley ratio increases with the effective mass [22]. Strictly speaking, the
effective mass is not constant in the whole device, but it is material-dependent. The
use of a nonconstant effective mass would be more physical, but the modeling and
the numerical approximation is—even in the much simpler quantum drift-diffusion
model—a lot more involved [29, 30].

In Figure 6.6(right) the current-voltage curve for the barrier height B = 0.3¢V is
shown. As expected, the peak-to-valley ratio is larger if the barrier is higher (corre-
sponding to a higher Al mole fraction); the values for the first NDR region are 1.44
for B = 0.209eV and 2.48 for B = 0.3eV. The current densities are much smaller
than in Figure 6.2, where the lower potential barrier B = 0.209eV has been used.
Interestingly, there are at least three NDR regions, whereas there are only two regions
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for the barrier height B = 0.209eV.

In Figure 6.7, the current-voltage curves for the new QHD equations and for Gard-
ner’s model are compared. Gardner’s model is discretized using a second-order up-
wind method as in [12]. The right figure with N =500 points corresponds to Figure 2
of the cited paper. Notice that close to thermal equilibrium there are well-known
difficulties in computing the solution, which is not the case for our new model. Due
to the numerical viscosity introduced by the upwind method, it is clear that the so-
lution of Gardner’s model depends on the mesh size. The solution to the new QHD
equations is less mesh-dependent. In particular, the numerical results before the first
valley are almost the same for N > 500 grid points. More importantly, the slope of
the curve in Gardner’s model becomes steeper in the region after the valley when the
mesh size Ax is decreased. On the other hand, the current-voltage curve of the new
QHD model does not seem to develop such singular slopes. Moreover, it is possible
to solve the discrete system for grid points N > 750 (not shown).
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ELECTROSEISMIC PROSPECTING IN LAYERED MEDIA*

BENJAMIN S. WHITET AND MINYAO ZHOUT

Abstract. Electroseismic (ES) prospecting is an experimental method that seeks to use the
conversion of electromagnetic (EM) waves to seismic waves in the earth to explore for oil and gas.
The wave conversion occurs through the phenomenon of electrokinetics, for which a complete set of
partial differential equations was derived by S. Pride. In this paper, we show how Pride’s equations
in plane layered media can be written in a convenient mathematical form suggested by B. Ursin, who
used this form to give a unified treatment of EM waves, acoustic waves, and the waves of isotropic
elasticity in plane layered media. We use Ursin’s formalism, which we develop and simplify for the
case of a stack of homogeneous layers, to derive explicit formulas that can be made the basis of an
efficient computer code. Numerical results are presented for spatially extended electrode sources that
have been used in field tests of ES prospecting. More generally, the methods developed are applicable
to any system that can be put into Ursin’s form. In particular, the code that was written for ES can
be modified to compute purely seismic waves, purely EM waves, or the waves of Biot theory, since
all these phenomena are included in the equations of electrokinetics when parameters are specialized
appropriately.

Key words. electrokinetics, layered media, seismic, electromagnetic, poroelastic
AMS subject classifications. 74F15, 74F10, 86A15, 86A25, 74J05
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1. Introduction. In prospecting for oil and gas, seismic methods are the main
tool for imaging of the earth’s subsurface [4] because of the high spatial resolution
that is possible. However, skillful interpretation of the seismic images is necessary to
distinguish hydrocarbon- from nonhydrocarbon-saturated rocks, because there are of-
ten only subtle differences in the rock properties (e.g., densities and compressibilities)
that affect the seismic waves. In contrast, the electrical resistivity of hydrocarbon-
saturated rocks is one to three orders of magnitude greater than that of the sur-
rounding medium, making resistivity an excellent direct indicator of hydrocarbons.
If the earth’s electrical properties could be imaged with the same spatial resolution
as is routine in seismic imaging, then many hydrocarbon reservoirs could be easily
detected and delineated.

Electromagnetic (EM) exploration methods [14, 25] can be used to map the elec-
trical properties of the subsurface. However, the earth is a conducting medium, so
high-frequency EM waves are attenuated rapidly as they propagate in the earth.
Thus EM surveys, except for shallow depths, typically rely on lower frequency/longer
wavelength waves. Then the spatial resolution of the subsurface images are limited
by the long wavelengths of the probes.

Electroseismic (ES) prospecting is an experimental method that seeks to use the
conversion of EM waves to seismic waves in the earth to search for hydrocarbons.
This wave conversion occurs through the phenomenon of electrokinetics [15], i.e.,
in a porous medium such as the earth, an EM wave will excite a seismic wave of
the same frequency, and vice versa, through movement of ions in the pore fluids.
Since EM waves have a much faster propagation speed than seismic, they have much
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longer wavelengths than seismic waves of the same frequency. Thus using seismic
frequencies some of the energy of a long wavelength EM wave probe will be converted
by inhomogeneities in the earth to a shorter wavelength seismic wave, which might
then be recorded at the earth’s surface. The waves recorded will have information
related to the earth’s electrical properties, as is shown below.

In this paper we derive the mathematical basis for an efficient computer code
for solving Pride’s equations [15] of electrokinetics in plane layered media, i.e., earth
models in which the material parameters are functions of the depth coordinate only.
The resulting code has been implemented and, together with the three-dimensional
asymptotic theory of [24], has been used for the planning and interpretation of field
tests of ES prospecting. Although the tests are described elsewhere [21, 20, 18, 10,
9, 8], we will show here how the calculations were done for the type of experimental
source/receiver configurations used in the field.

Our method is based on a formalism introduced by Ursin [23], who showed how
Maxwell’s equations for electromagnetism, the equations of acoustics, and the equa-
tions of isotropic elasticity all have a similar mathematical structure in layered media
when each of these systems is written in an appropriate way. In this paper, we add the
equations of electrokinetics to Ursin’s list. We develop and simplify Ursin’s formalism
for the case of a stack of homogeneous layers, that is, when the material parameters
are piecewise constant functions of depth. In this case many quantities can be com-
puted with explicit algebraic formulas which can then be made the basis of a fast
computer code.

Early field tests of electrokinetic phenomena in the earth were reported in the
1936 paper of Thompson [22]. More recent tests are reported in [19, 3, 12, 13, 5].
All these studies are more properly called “seismoelectric,” i.e., seismic waves were
used as a source and EM waves were recorded. The tests [21, 20, 18, 10, 9, 8] are
“electroseismic,” with EM sources and seismic geophones as receivers.

General properties of ES waves, e.g., source-receiver reciprocity, eigenvectors, and
Green’s functions in homogeneous media, were derived by Pride and Haartsen in
[17]. These authors also wrote a computer code that computes electroseismics for
point sources in layered media, using the “global matrix method,” that is, inverting
a large but banded matrix to solve simultaneously for all quantities in all layers
[7]. In contrast, our method makes use of Ursin’s mathematical structure to solve
for reflection and/or transmission matrices at each layer boundary. Our method is
closer to that adopted by Garambois and Dietrich [6], who also used reflection and
transmission matrices, but in the form proposed by Kennett and Kerry [11]. We feel
that although Ursin’s formulation is less well known, using it one can make better use
of the inherent mathematical structure of the wave problems, including, e.g., explicit
formulas for the jumps across interfaces.

The asymptotic theory of [24] is applicable when seismic ray theory is, i.e., when
the seismic wavelength is much smaller than any of the geometric scales in the earth
model. With this theory, ES calculations can be done for media that are not plane-
layered, but have nontrivial three-dimensional geometry. The asymptotic theory can
then be used to compute the seismic waves that are converted from an EM wave
incident on an interface, that is, a boundary between media whose material parameters
differ. Numerical comparisons of that theory with the computer code described here
are in [24].

The formulas of the asymptotic theory show that seismic signals are generated
by an EM wave incident on an interface, and that a large discontinuity in the electric
field is one of the factors that can cause large conversions of EM to seismic energy.
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Now EM theory dictates that the normal electric field at an interface suffers a jump
discontinuity in proportion to the ratio of electrical resistivities on each side of the
interface (ignoring displacement currents, as is usual in EM prospecting [25]). Thus
the asymptotic theory suggests that ES prospecting should illuminate the boundaries
of hydrocarbon reservoirs—because the high contrast between the resistivity of hy-
drocarbons and that of the surrounding medium will produce a large discontinuity of
the electric field there.

This paper is organized as follows: In section 2 we write Pride’s equations in
Ursin’s form, complete with source terms and boundary conditions. In section 3
we give a self-contained derivation of Ursin’s diagonalization method, in the form in
which it is subsequently used. In section 4 we derive formulas for propagator matrices,
jump matrices, and reflection and transmission matrices for any system that can be
put in Ursin form, and in section 5 we couple the results of section 4 with general
sources and boundary conditions, giving explicit formulas for Pride’s equations. In
sections 6 and 7 we look in some detail at seismic and EM sources, respectively, and in
section 8 we show numerical results for the type of ES modeling used in our field tests.
Conclusions are in section 9 and explicit formulas for eigenvalues and eigenvectors are
in the appendices.

2. Pride’s equations in layered media. Pride’s equations for electrokinetics

in a porous medium are [15], at each point x = (z1, 22, x3) of space,

V x E =iwuH,

VxH=(0—iew)E+ L(-Vp+w?pru+f) +j,
—w*(pu+psw) =V -7 +F,

—iww = LE + (k/n)(=Vp + w’ppu + f),

7=V -u+CV-w)I+G(Vu+ Vul),
—-p=CV-u+ MV - w.

(2.1)

In (2.1) a time dependence of exp(—iwt), where w is frequency, is assumed.

The sources in Pride’s equations are the following: F, the imposed force on the
solid, f, the imposed force on the pore fluid, and j, the externally applied electrical
current.

The following are the quantities to be calculated: E, the electric field, H, the
magnetic field, u, the solid displacement, w, the relative fluid displacement, 7, the
stress tensor, and p, the pressure in the pore fluid. I is the 3 x 3 identity matrix.

The material parameters in Pride’s equations are as follows: p, the magnetic
permeability, €, the dielectric constant, A and G, the Lamé parameters, C' and M, the
Biot moduli, p, the bulk density, pf, the density of the pore fluid, x, the permeability,
7, the pore fluid viscosity, and L, the electrokinetic mobility. It is L # 0 that couples
the EM and mechanical systems. For L = 0 the equations reduce to uncoupled
systems, with Maxwell’s equations governing electromagnetism and Biot’s equations
governing fluid and solid motion in a porous medium [1, 2, 16].

We will write

(2.2) 0 =0 —iew.

It is customary in EM prospecting to make the quasi-static approximation [25] that
0 > ew in the subsurface x3 > 0, so that ¢ can be replaced by o there. This
approximation is equivalent to ignoring displacement currents in the earth. In the
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air, 3 < 0, the conductivity is zero, and the dielectric constant is €y, so that we have
0 = —i€gw in the air.

We will also define

By =[C* = M(\+2G)] 71,

2]

(23) p=p-12]

K T

For material parameters which depend only on the depth coordinate x3 = z we

can take Fourier transforms in the two lateral coordinates 1, z2. Let (ki, k2)? be the
horizontal wavenumber and let

(2.4) k=1/k}+k3 ~y=k/w

be the magnitude of the horizontal wavenumber and the horizontal slowness, respec-
tively. Define Fourier transforms

(2.5) f‘(kl,kz,z) =F[F] = / / e i(k1z1tkaza) F(z1, 22, 2)dz1d2s,

with similar expressions for f ,j,E, I:I, a,w,7,p. The lateral Fourier transforms are
inverted by the usual formulas, e.g.,

1 R )
(2.6) F(x1,20,2) = F '[F] = —2/ / e Mo tham2) Bk Ky, 2)dkydks,
471— — 0o — 0o

with similar expressions for the other variables.

To write the equations in Fourier transform space, we first transform the sources to
obtain F, f',j Then for each (k1, k)T, plane wave sources of the form eilkrzithaza) fr
ei(klxl“‘k?z?)f’, ei(kl””l“‘k?“)j will produce plane wave responses with spatial depen-
dence of the form e!(¥1#1+k222) - The equations are greatly simplified if we rotate to a
coordinate system (&1,%2,%3)7 with the first coordinate oriented in the direction of
the horizontal wavenumber (ki, k), so that all of these plane waves have a spatial
dependence of the form e**%1. Therefore, let

ko k2
k k
(2.7) Q= |-k k9
0 0 1
and define
x=0x, E=QFE, H=QH,
(2.8) =00, w=0w, 7=070T p=p,
F=0F, f=0f j=0j

A straightforward calculation yields the following form for the equations, since the
governing equations (2.1) are invariant under rotations:

Let

(2.9) = —iwll, W= —iww
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be the solid and relative fluid velocities, and let
L~ - o~ . 51T
¢(1) = [u3a7_137_w3aH27T337u17p7E1] 9
(2.10) ) = [y, By, o3, —H1] "

Define n; = 4 and ny = 2. Then the 2n,,-dimensional vectors ®(™), m = 1,2, satisfy

uncoupled systems of linear ordinary differential equations of the form suggested by
Ursin [23],

(2.11) di<I><m> = —jwMm™em 4 8(m) =1 2,
z
where S(™) are 2n,,-dimensional source vectors and the 2n,, X 2n,, matrices M(m)

are of the block form

0 Ml(m)

2.12 M) =

with symmetric n,, X n,, submatrices
(2.13) M, ™) = (M1<m>)T7 M, (™) — (M2<m>)T.

The (2n; = 8)-dimensional System 1 is equivalent to what Haartsen and Pride
[7] call the PSVTM system, since, as we will see, it contains compressional (P) waves,
vertical shear (SV) waves, and transverse magnetic (TM) waves. For this system the
submatrices are

(2.14)
- M B1y(C? — \M) —BC 0
M, (D) — Biy(C*=AM) p+iwp} £ —4B17°G[C* =M (A + G)] 2817GC —iwpsy= prL
! e 201yGC —iwpsy —Bi(A+2G) +iwE —yL
0 piL —~L o
p Y =P 0
1
(2.15) M, = B B
—pp 0 SR ok
—B2yL . wBav>
0 0 % —p— z%

The corresponding source vector is

~ . kR~ K=z ~ = ~ = Ln-~ . ~ T
(216) S(l) = |:O7 _Fl - prfifla/l'kifh —J1 — th _F370af3 - 6277,7.]37 _Zk@]?) .
n n KO o

Once @) has been determined, we may also compute the following four variables,
which are dependent on System 1 only:

1 3 gk R - K =

(2.17) wy = LE, — Zk;p + lwpy + ;fh
i1 = P (~49G(C? — M[A + G))iin + (C? — AM)7s3 + 2GCF)
7oz = 1 (~27G[C% = AMJiy + [C? — AM]s3 + 2GCp) .
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The (2ne = 4)-dimensional System 2 is equivalent to what Haartsen and Pride [7]
call the SHTE system, since, as we shall see, it contains shear horizontal (SH) waves
and transverse electric (TE) waves. For this system we obtain

1
@_lg 0
(2.18) M, {0 _/J,

_ 2 Yy
(2.19) M@ = | P CT Ty prk

a2 |
pr W + m
and source vector
~ K ~ ~ ~ T
(2.20) S® = {0,07 —F - iwﬂfﬁf% —Jj2 — Lf2:| .

Once @) has been determined, we may also compute the following three vari-
ables, which are dependent on System 2 only:

g3 == lEN‘Za
1%
. ~ . KR i3 R~
(2.21) We = LEy + iw—pyiiz + — fa,
n n
7212 = 7G’}/712.

To construct an algorithm for a fast computer code, we will restrict the calcu-
lations to the case where the material parameters are piecewise constant. Thus it
is assumed that the material properties are constant within each layer but change
discontinuously as z is varied across a layer boundary which is a horizontal interface.
Then (2.11) is satisfied within each layer, where M(™) is constant. At layer bound-
aries we apply Pride’s interface condition, that u, p, the normal components of w and
7, and the tangential components of E and H are continuous. Then it is seen that
the vectors ®("™) are continuous across layer boundaries.

It remains to give boundary conditions for Systems 1 and 2 at the earth/air
interface at z = 0. Applying Pride’s interface conditions, we get that the boundary
conditions for System 1 are

(2.22) Fla =T =0, p=0, Hy= —;ﬁEl at z = 0.
0

In (2.22) qo is the vertical slowness of an EM wave in the air, that is,

(2'23) qo = V €oMo — 72,

where po is the magnetic permeability of the air so that eyug is the reciprocal of the
square of the speed of light. The last of equations (2.22) is derived from the fact that
there are no downgoing waves in the air (all sources are in the subsurface), and this
is the relationship for an upgoing EM wave.

The boundary conditions for System 2 are

(2.24) Py =0, H =LE, atz=o0.

Ho
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The second of these relationships is again derived as the condition that there are only
upgoing EM waves in the air.

Note that (2.22) gives n; = 4 conditions for System 1, which has 2n; = 8 variables.
Similarly, (2.24) gives ny = 2 conditions for System 2, which has 2ns =4 variables.
Consequently, for each system we will need an additional n,, conditions to completely
specify the solution. These relations will come from the requirement that there are no
upgoing waves from z = oo. The decomposition into upgoing and downgoing waves
in the subsurface will be accomplished in section 4.

3. Ursin diagonalization. For completeness we give a derivation of Ursin’s
diagonalization procedure [23] in the form that it will be used here. We consider
matrices of the form (2.12), where for simplicity we drop the superscript ™).

Assume that M;M; has n distinct nonzero eigenvalues ¢%,q3, . . .,q2 with asso-
ciated eigenvectors aj,as, ..., a,, i.e.,
2
(3.1) M;M-qa,, = ¢,,am,

normalized by the relation
(3.2) a*Maa,, = q¢n, m=1,...,n.

Here q,, = \/(E with the branch of the square root chosen so that Im(g,,) > 0 and
qm > 0 if @, is real. (With this choice, e®“9"* represents a downgoing wave.) We
adopt this branch of the square root throughout this paper.

Define

1
(3.3) b = —Maa,.

b,, is an eigenvector of MM, with eigenvalue ¢2,, as can be seen by multiplying
(3.3) by M2M; and using (3.1) and (3.3). From (2.13), b,, is a left eigenvector of
M;Ma,.

Now
(3.4) q?naijm = a’jI‘Mlebm =brM;Mza; = qua;-rbm.

Therefore a} b, = 0 for j # m. Coupling this with (3.2) and (3.3) we obtain
(3.5) al by, =6 .

Let Ly be the n x n matrix whose mth column is a,,, and let Ly be the n x n
matrix whose mth column is b,,. Then (3.5) implies

(3.6) L;'=L7, L' =LT.

Let A be the n x n diagonal matrix with entries
(3.7) Ajom = qjbjm-
Then (3.3) implies

(3.8) LoA = M,L,.
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Multiplication of (3.3) by M; and use of (3.1) implies

(39) Mlbm = dmadm,
and so
(3.10) M;L, =LA

Now (3.10), (3.8), and (3.6) yield
(3.11) M; = L;ALT, M; = LoALZ.

Let L be the 2n x 2n matrix defined in block form by

1 [L In
3.12 L=— ,
(3.12) V2 [Lz —Lz}

and let A be the diagonal matrix

(3.13) A= {(A) _ﬂ.

Then from (3.6) and (3.11) it is readily verified that

1 LT LT
3.14 L '=—12 1]
10 sk o
and that
(3.15) M = LAL .

In the appendices we give explicit algebraic formulas for g, a,,, b,, for Systems
1 and 2 as described in section 2. From these formulas Li, Lo, L,L™1 A can be
calculated rapidly.

4. Upgoing and downgoing waves; reflection and transmission matri-
ces. We first consider a homogeneous, source-free region of space. Then dropping
the superscript (™) we have a 2n-dimensional equation of the form (2.11), with (2.12)
and (2.13), and with M constant and S = 0. Let

(4.1) o =LU.
Insertion of (4.1) into (2.11) and use of (3.15) yields

d ~
4.2 — U = —iwAV.
(4.2) - iw

Let
(4.3) - [IDJ] ,
where U, D are n-vectors. Then from (4.2), (4.3), and (3.13)

e—icu/\(z—zo) U(Z())

. —iwA(z—2 _
(44) \I/(Z) =e ( 0)\11(20) = |:eiwA(Z—Zo) D(ZQ) )
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where 2 is a fixed point in the same source-free region of space as z. Here e*wA(z—20)
are diagonal matrices with mth diagonal element equal to eFwdm(2=20)  Therefore U
are upgoing waves and D are downgoing waves.

Next consider an interface at z = Z, where the material parameters vary discon-
tinuously across z. We denote by superscript T quantities evaluated at zT, just below
the interface, while superscript ~ denotes quantities evaluated at z~ just above the
interface. Since ® is continuous across z, we obtain from (4.1) that LT¥+ =L~ ¥~
and so

(4.5) ot =Ju-, v =J ot

where the jump matrix is

(4.6) J=1Y) 'L = Hg :}ﬂ

and, from (3.12) and (3.14), Ja,Jp are the n x n matrices

Ta= 5[0 L + @) L5,
(4.7) 1 . .
Js = 5[ (L) Ly - (L) "Lz

J~! can be computed by interchanging the roles of +. Using this fact in (4.6) and
(4.7) yields

3 I3
(4.8) Jt = { g ,‘3] :
7JB JA

Now using that JJ™! = J=1J = I yields four relations:

(4.9) JaJx —JsJIE =1,
(4.10) JAJa —J5Ip =1,
(4.11) JaJg =JIBJ%,
(4.12) J2Ig =JgJA.

We next consider a stack of layers, with layer boundaries at the interfaces at
depths 0 < 21 < 29 < -+ < zy < co. Homogeneous, source-free regions are assumed
in (zm, zm+1). We denote by subscript m a quantity at interface z,,, with superscripts
* as before. From (4.3) and (4.5),

5] [3)

where we have used that there is no upgoing wave below the last interface at z = zy.
From (4.8) and (4.13),

Uy, =I'yDy,

4.14
(4.14) D}, = TxDy,
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where

Iy = _(JE,N) (JX,N)_lv

(4.15) 4
Ty =Jay) -
Here I'y is the reflection matrix from a single interface at z = zy and can be used
to compute the reflected wave, i.e., the upgoing wave from the top of the interface,
when the incident wave, i.e., the downgoing wave on the top of the interface, is
known. Similarly Ty is the single interface transmission coefficient and can be used
to compute the transmitted wave, i.e., the downgoing wave beneath the interface,
when the incident wave is known.

Let j < N and define the layer thicknesses

(4.16) Az = Zma1 — Zm, m=1,2,..., N —1.

Then by jumping across the layer boundary using (4.5) and propagating through the
layer using (4.4) we obtain
U;l _ Jz,meiwAmAsz;erl _ Jg,meiiwAmAsz;z+l’

4.17 ) )
( ) D;L — _Jg’mezwAmAszerl + J}}me_zwAm’Asz;H_l.

m

Define reflection and transmission matrices I',,, T, by the relations that for any
incident wave D, at the top of the stack of layers underlying z = z,,

U, =I.,D,,,

(4.18) DT o D”j
N — +-m+~m:

Therefore I',, computes the reflected wave from the stack and T,, computes the

transmitted wave below the stack, when the incident wave is known. From (4.17) and

(4.18) we obtain by induction

~ ~ -1
(4.19) U= (IR Lt = I8,0) (= I8 L1 +JX )
(4.20) Ty = Topre@ndom (=35 T +35 )7
where

(421) f\erl _ eiwAmAZm]_—‘m+1eiWAmAZ’”.

Now all the reflection and transmission matrices can be computed by recursion
using (4.19) and (4.20), starting with (4.15).
Finally, it can be shown that I';,, is symmetric:

(4.22) r,=r~

m*

To see this by induction, first note that I'y is symmetric by using (4.11) in (4.15)
to obtain that I'y is equal to its transpose:

(4.23) Iy =—Jan)" TBw).
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Next, assume that I';, 11 and therefore fm+1 are symmetric. From (4.9) we obtain
for any symmetric I’

(4.24) TIRJE + JAJAT = TJAJ% + JRJET.

From (4.11) we obtain

(4.25) TIBIAT 4+ JAJE = TIAJET + JpJ}.
Subtraction of (4.25) from (4.24) and factoring the result gives

(4.26) (—TIp +Ja) (IET - IE) = (TJa - Ig) (- IET +I%).
Now use of (4.26) in (4.19) gives the alternative recursion formula

(4.27) Ly = (-Trs1dBm + JA,m)_l(meJA,m —JB.m)-
Comparison of (4.27) with (4.19) gives (4.22).

5. Sources and boundary conditions. We consider a 2n-dimensional system
of type (2.11) with the superscript (m) omitted. Let the source, at a depth zs, be of
the form

(5.1) S =S06(z — z5) + S16'(z — 2)

with Sg,S; independent of z. More generally, sources distributed in the depth coor-
dinate may be synthesized by superposition of sources of this type. Let

(52) (I)(] = — S]_(S(Z — ZS).
Then from (5.1), (5.2), and (2.11),

d
(53) %QO = —iwM®q + [So - inSl] (5(2 — Zs).

Let Sa, Sy be n-vectors defined so that

(5.4) [gg] = iwMS; — Sq.

Then by integrating (5.3) from just above the source at z; to just below the source
at 21, and using (5.2) and (5.4) we obtain the jump condition across the source:
— + SA
(5.5) D(z;)=D(z]) + Sg |-
We insert a fictitious layer boundary just below the source at z = 2z and use
the methods of section 4 to compute the reflection matrix I's = T'(2F) from the top
of this layer. Note that at 27, Jo =I,Jg = 0, since the material properties do not

change at z;. Then the upgoing wave Ug = U(z]) is related to the downgoing wave
D = D(z]) there by (4.18), and so

(5.6) V() = FDD] .
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From (5.6), (5.5), (4.1), and (3.14) we obtain

V2

The expression (5.7) may now be propagated upwards through layers, using (4.4)
and jumped upwards across layer boundaries using (4.5) until we reach the earth/air
interface at z =0+. Then the n boundary conditions at z =0 can be used to determine
the n unknowns Dg. We will write the formulas explicitly for when z, is in the first
subsurface layer, i.e., 0 < z5 < 2z1. In this case

6.7) v = | ] +

L3Sa +LTSe
LTSa —LTSg |

(5 8) \I/(()*) _ |:eiwlAz31"SDS:| N i eiwhzs (errSA + L"ll‘SB)
. e—lwAzSDs \/5 e—m;AzS (L;[‘SA _ LrlrsB) .
We next write
Ga®
+y A¥g
(5.9) B(0+) = [GB%] ,

where ®4 is an n-vector of unknowns at z =0 and Ga, Gp are n x n matrices.
For System 1, let

z=01"’
"1 0 0 0
00 00
1 _
(5.10) Ga"=107 0 0 ,
(000 -«
[0 0 0 0
m_ |00 10
Gs™" =100 0 0
0 0 0 1

Then it may be checked that (5.9) holds for System 1 with the boundary conditions
given by (2.22).
For System 2 let

(2) _ 1 0
(5.11) Ga? = {0 1}7
0 0
GB(2) = |:0 _‘10} .
Ho

Then it may be checked that (5.9) holds for System 2 with the boundary conditions
given by (2.24).
Now using (4.1) we may combine equations (5.8) and (5.9) to get
By = [N Ty (LTGA — LTGp) — (LTGA + LTGp)]
(5.12) x A% [T (L7SA — LTSg) — (L3Sa + LTSs)],
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1 .
5.13 D, = —e“M (LTGA — LTGR) @, — —
(5.13) =7 (L Ga —Li Gg) @ 7

In particular, when the source is just below the surface we get

(L3Sa —LTSg).

Og = [(Ts ~DLTGA — (Ts + DLTGp]
(5.14) x [(Ts —T)L3Sa — Ts + I)LTSg] as 2 | 0.

®, gives all of ® at the surface z = 0, and Dg, Ug = I'sDg give all of ® just
below the source. Now @ can theoretically be computed anywhere else in space by
propagating through layers using (4.4) and jumping across the layer boundaries using
(4.5). However, propagation of an upward-going wave in the downward direction is
unstable numerically using (4.4), because the complex exponentials grow rather than
decay with distance. So numerically, one must obtain U from D using I',,, or make
use of the transmission matrices T,,.

From the tilde variables, the lateral Fourier transforms, i.e., the hat variables, can
be computed by inverting the rotation in (2.8) via the formulas

E=0TE, H=0TH,
(5.15) a=0%Ta, w=0Tw,
#=QT7Q, p=p.

It remains to invert the lateral Fourier transforms via (2.6) to get the solution in
real space. Note that the matrices for Systems 1 and 2 depend only on the magnitude,
k (or equivalently the slowness v), of the vector (ki,k2)” and not on its direction.
However, factors of k1 and ko are introduced by the transformation (5.15) and possibly
by the directionality of the source. For any function g(k) let

(516) Oy =7 k0] = (e () () g,

83?1 67372

In cylindrical coordinates x; = rcosf,ro = rsinf,x3 = z these quantities may be
computed as Hankel transforms. Let J,,, be the Bessel functions, and for nonnegative
integers mq, mo let

1 o0
(5.17) B s ] = — / K T, (k) (k) dk.
27T 0

Then, in particular,

@070 = 61,0, @170 = 1COS 93271, @0,1 = 17sin 962’1,
(cos2 6 — sin® 0)

Ba 1,
r

. 2
(5.18) ©1,1 =sinfcosf [53,0 - T62,1:| , 90 =cos? B3 —

. (0052 6 — sin® 0)
@0,2 = sin 983)0 + —T 6271.

6. Dynamite; hammer, weight drop, and vibroseis. For a dynamite source
we take the imposed forces on the solid and the fluid to be

(6.1) F(x) = f(x) = —h(w)Vé(x — x,),
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where the position of the dynamite charge is x, = (0,0, z,)7 and h(w) is the spectrum
of the seismic moment h(t). There are no externally applied electrical currents, so
j = 0. Lateral Fourier transform via (2.5) yields

A A R ik16(z — z5)
(6.2) F(k1, ko, 2) = f(k1, ko, 2) = —h(w) | tkad(z — z5) | ,
6" (z — zs)
and rotation by Q via (2.8) yields
_ _ R iké(z — z5)
(6.3) F(ky, ke, z) = f(k1,ke,2) = —h(w) | 0
6'(z — zs)

Substitution of (6.3) into (2.16) yields the source for System 1, in the form (5.1), with

T

So® = h(w [O,ik (1—|—iwp ﬁ),kQH,ikL,O,O,O,O :
(6.4) 0 ( ) f17 n

Sl(l) = }Al(w) [070707 Oa 15 07 _1’ O]T :

Substitution of (6.3) into (2.20) shows that the source for System 2 is identically
zero, and so all variables associated with System 2 are zero. This is to be expected
because System 2 contains SH waves, which are not excited by dynamite.

Substitution of (6.4) into (5.4) gives

SAM = iB1h(w) [w(C — M), 2kG(M — C),w(X + 2G — C),0]T,

(6.5) S, _o.
Now (6.5) may be used in (5.12) and (5.13), or in (5.14) for a shallow source, to get
all the tilde variables.

To invert the rotation 2, using (5.15), note that from (2.10) and (2.21) and the
vanishing of System 2, the following variables are identically zero: s, FEs, 795, Hy, Hs,
Ws, T12. Furthermore, all the remaining tilde variables are functions of k alone, not
k1, ko individually. Therefore

kl; ~ k 2 k2 r7

iy = 7 By = fEh Hy = _?H%
. kg - - ko ~ - ki ~
(6.:6) Uz = fuh Ey = fEl, Hy = fHQ,

Uy = i, B3 = Es, Hs =0,

and so the transforms can be inverted in cylindrical coordinates (r, 6, z) using (5.16)—
(5.18):

0= (iBi [t1]) er + (Bio [Us)]) s,
(6.7) E = (iBi1[E1])er + (Bro[Es])es,
H = (iB1,1 [H] ) e.

Here e, ey, e, are unit vectors in the r, 0, z coordinate directions, respectively.
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The stress tensor may be inverted similarly. For the stresses, we get from (5.15)

k1ks

?11=E[/€%%11+k§%22}7 ?122?[%11—%22]7
. 1 . -
(6.8) T =15 [kng + k%TQQ} ,
PO k1713 P kaT13 PR
13 0 T2 w0 783 =Tss,

and so the inverse Fourier transforms to real space are

1 1 _ 1 _
T11 = B2 kQTu] + 00,2 [k27'22} , Ti2=0611 L:Q (T11 — 7’22)} ,
M1 . 1. T13
(6.9) Too = Op2 _ﬁTu + 03y 27|, T3 = O1,0 = |
- )
Tog = Op,1 ;j . T33 = Oq[Ta3).

These stresses may now be computed in cylindrical coordinates from (5.18) using
Hankel transforms of the appropriate tilde variables.

We next consider a source which is a vertical point force acting on the earth’s
surface. This models hammer, weight drop, and vibroseis (a shaking truck) sources
[4]. Thus we take

2 T

(6.10) F=1=[0,0,h(w)] 6(z1)é(z2)é(z5 — 2s),

where iL(w) is the spectrum of the force and z; | 0 puts the force on the earth’s
surface. By lateral Fourier transform and rotation by Q we get

(6.11) F=f=F=F=[0,0hw)] 8z—z)
From (2.16) we obtain

(6.12) SM =10,0,0,0,-1,0,1,0]" h(w)s(z — z).
From (2.20) we obtain

(6.13) s —o.

Therefore all variables in System 2 are zero, as was the case for dynamite.
From (5.1), (6.12), and (5.4) we obtain

(6.14) Sa® =0, sg® =1[1,0,-1,0)" h(w).

Now all the tilde variables at the earth’s surface may be computed from equa-
tion (5.14) as zs; | 0 and propagated anywhere else in space. Note that SAM,sg®
are independent of ki, ks, so that the tilde variables depend only on k£ and not on
wavenumber direction. Therefore, as for dynamite we can transform to the hat vari-
ables using (6.6) and (6.8) and transform back to real space using (6.7) and (6.9).
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7. Source currents in a plane. We consider a distribution of horizontal source
currents in the source plane z = z5. Because of linearity and horizontal translation
invariance, we need only consider a horizontal point dipole at x = (0,0, z5)¥, with
source current

(7.1) j=dé(x1)6(x2)6(xg — 25),
where
(7.2) d =(dy,dy,0)" .

Solutions for other horizontal sources in the plane z = z, can be synthesized by trans-
lation and superposition of sources of this type. Then by taking Fourier transforms
and rotating via (2.5) and (2.8) we obtain

(7.3) j=db(z - z,),
where
dy = (kydy + kody) /k,
(7.4) dy = (—kady + k1d2)/F,
I5 = 0.
From (2.16) and (2.20) we obtain
(7.5) S 4,80, 8@ = 3,5,
where
S™ =10,0,0,-1,0,0,0,0]" 8(z — 2),
- | " 8z - )

S® =10,0,0,-1]" 6(z — z,).

Let &) be the solution of System 1 with source S, i.e., with
(7.7) SY =10,0,0,1)7, 8% =o,
and let ®®3) be the solution of System 2 with source S®) | i.e., with
(7.8) §@ —o0, S& =0,1".
Then by linearity
(7.9) oM =d,6M, o = 4,63,

Note that 1), () depend on k but not on ki, ko individually. We denote the
elements of these vectors, analogous to (2.10), as
= . L 7 _ - _ 57T
(7.10) W = [ug, T3, —3, Ha, 733, U, D, E1]
2 = [ﬁszzfz&*ﬁﬂT

and define the corresponding auxiliary variables for System 1 with normalized sources
analogously to equations (2.17), e.g.,

_ ik — Ln .
(7.11) B3 = f (ZHQ - ”w:;) :
ag RO
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and the auxiliary variables for the normalized System 2 analogously to equations
(2.21), e.g.,

(7.12) i = %EQ.

Since 14, tig are in System 1, while s is in System 2,
(713) ’l;Ll = Czl’ljl, ’l;Lg = JQ’&Q, 1.23 = dlﬁg.

Therefore, using (7.13), (7.4), and (5.15),

i us (k, 2 tio(k, 2
11 = (dyk? + dokiks) 1(kQ ) +(d1k§—d2k1k2)%,
i us (k, 2 tio(k, z
1) = ks + 4ok G ik + ) 25,
5 iz (k, 2
iy = (diks +d2k2)¥_
Inverting the Fourier transforms via (5.16) gives 0 in real space:
. -’li i -'1.7/ 7 ,a a
. -ﬁ ) _ﬂ 7 a 7:L
(715) Ug = d161,1 kf; + d2@072 k% _ dl@l,l |:k§:| +d2@270 |:k§:| ,
. U3 | i3 ]
= — d -9
3 = d1©19 T | + d209,1 |

Now 1 can be written in cylindrical coordinates using the Hankel transform relations
(5.18). R R R

Next, note that Fj is in System 1, Es is in System 2, and Fj3 is an auxiliary
variable in System 1. Therefore

(716) El = JIEI; EQ = JQEQ, Eg = J1E3.
Comparison of (7.16) with (7.13) shows that E may be obtained in real space with
(7.15) by replacing @1 with E and i with E.

For the magnetic field, note that Hy, Hs are in System 2, while Hy is in System 1.
Therefore

(717) gl = (ing, F[g = Czlgg, I‘ng = &2H3.

Similar to the procedure for @1, we first use (7.17) to write H and then invert the
Fourier transform using (5.16) to get H in real space:

_Hl_ _Hl_ Ho Ho
Hy =—-di©1, ﬁ +d2029 ﬁ —di1©1 1 {kjg] — d209,2 {kQ} ;
[ H; [H; H H
(718) H2 = 7d1@0_’2 721 +d2@171 721 +d1®2,0 722 +d2®1,1 722 )
| k2 ] | k2 | k k
e L
Hs = —di10¢,1 73 +d201 0 73 .
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Again H can be written in cylindrical coordinates using the Hankel transform relations
(5.18).

A similar treatment can be given for the other variables. However, we will focus
on s, i.e., the vertical velocity of the ground, since at the surface z = 0 this is the
response of a conventional geophone. So the behavior of u3 gives the seismic response
in an ES land survey. From (7.15) and (5.18) the seismic response for a horizontal
dipole is given in cylindrical coordinates by the order 1 Hankel transform

(7.19) Us(r, 0, z) = i(dy cos + dasin0)By 1 [us(k, z)].
Alternatively, from (7.15), (5.16), and (5.18),

(7.20) Ug(r,8,z) = —d - VR(r, 2),

where the response function R is the order 0 Hankel transform
(7.21) R(r,z) = iBoolus(k, z)].

Note that for the vertical component of the geophone response, only s need be
computed, so it is not necessary to solve System 2.

The preceding results are for a point dipole at x = (0,0, z,)”. Now consider a
source which is a current sheet in a horizontal plane, so that

J=C(z1,22) 6(z3 — 25),

7.22
(7.22) C =[Cy,Cy,0]T.

The vertical velocity for this source may be computed by superposition,
(7.23)
us(r,0,z) = f/ / C(z,2%) - VR(\/(zl — )%+ (zy — ), Z)dx’ldav’2

/ / (=V' - C(ay, 7)) R(\/(acl — ) + (20 — 23)%, z)dm’ldx;,

where the second expression comes from the divergence theorem, assuming that C is
smooth and vanishes sufficiently rapidly at co. Therefore the geophone response is a
superposition of cylindrically symmetric scalar response functions R weighted at each
point by the current leakage —V - C. In particular, only the leakage of current from
the source plane contributes to the geophone response.

We may obtain a related result for the response to a leaky wire in the plane
z = zs, when the wire follows the path (Z1(«), Z2(a), z5), where « is arclength along
the path and 0 < a < I. If I(«) is the current in the wire at position «, then the
source current is

dzq
da

1
(724)  j= /0 I() | 422 | § (0, — 71(a) 6 (22 — T2(0)) 6 (25— 2,) da
0

Let

(7.25) Fon 21, 32) =\ (@1 — F1(0)) + (32 — T2(a))’.
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Fic. 1. Configuration of electrodes and geophones.

Then superposition of response functions gives the expression

(7.26)
dzy
1 da
asz—/ I(a) | %2 | . VR (F(a,z1,22), 2) da
0
0

dl

!
:I(Z)R(f(l7331,$2),z)—I(O)R(f(O,xl,x2)7z)+/0 <_da

) R(7(a, 1, 22), z)da.
Again, only the leakage, both at the end points and along the length of the wire,
contributes to the geophone response.

In particular, for an insulated wire I is constant. Then we have only the end-point
contributions, and the path of the wire between its end points is immaterial. If the
insulated wire is a closed loop, then the end points cancel and the geophone response
vanishes. This fact was derived by Haartsen and Pride [7] for the special case of a
circular current loop.

8. Electroseismic prospecting. A computer code based on the theory of this
paper was written and used for planning and interpretation of several field tests [21,
20, 18, 10, 9, 8]. In these tests, an EM source was used, and geophones on the surface
of the earth recorded the vertical velocity of the ground.

Figure 1 describes the “railroad track” electrode design used for these tests. The
electrodes are two parallel transmission lines buried in the shallow subsurface. The
length and separation of the electrodes are comparable to the desired depth of inves-
tigation, which for the deeper tests is on the order of a kilometer. A power source
is located midway between the two tracks, and insulated bus wires feed current from
the power source to the centers of the two electrodes.

From the center of the west electrode, current from the bus wire flows outward
toward the electrode ends, leaking into the ground all along the electrode’s length.
Because of this leakage the current carried by the electrode decreases linearly from a
maximum at the bus wire feed point to zero at each end. The current behavior in the
east electrode is similar to that described for the west electrode, but with sign reversed.

A number of factors influenced this electrode design. Horizontal sources were
chosen because they allow a large scale geometry that would be impractical with
vertical structures. However, as shown in section 7, current leakage is essential for
horizontal sources if we are to obtain a seismic response from a conventional geophone.
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FiGc. 2. Three-layer model.

For example, as shown in section 7, a source consisting of an insulated wire loop, as
is common in EM prospecting [14, 25], would give no seismic response at all in a
layered earth. Furthermore, maximizing the current leakage is essential for enhancing
the magnitude of the seismic signal. Also, because Pride’s equations are linear, the
seismic response for any electrode configuration is directly proportional to the source
current; so the greatest practically obtainable current level is desired in order to
produce the greatest possible seismic response.

To model the ES response to these electrodes over a layered earth, we first obtain
for the specified earth model the horizontal dipole response function R(r,0) on the
surface of the earth z = 0 using (7.21). The electrodes and bus wires are described
mathematically as segments of curves in the plane, carrying varying amounts of cur-
rent at each point along the length. That is, I is constant in the bus wires, and dI /da
is constant along each half of each electrode. Then the second expression in (7.26) is
used to calculate the geophone response. Note that in this calculation, the path of
the bus wires is immaterial, because they are insulated.

In modeling the current in the electrodes as linearly decreasing from the bus
wire feed to the end points, we have neglected phase changes in I(«) caused by the
inductance of the earth. Calculation of the inductance is beyond the scope of the
present paper.

Figure 2 shows a layered earth model with three layers, where the free space
€0, o are assumed in all layers. Figure 3 shows a typical trace, as recorded at a
geophone at coordinates z = 1000m, y = 250m. In transforming the computer
calculations to the time domain, a 15 Hz Ricker wavelet pulse form was used. In the
actual field tests pulses are not used; instead a periodic source function is generated
and repeated many times, after which the received seismic signal is averaged over
a period [8, 21, 20, 10, 9]. This methodology allows a great amount of EM energy
to be put into the ground to enhance the received seismic response. The resulting
data can then be Fourier transformed to the frequency domain and a pulse wavelet
inserted before inverse transforming back to the time domain. In this way a trace
of the type of Figure 3, analogous to the geophone responses used in conventional
seismic interpretation, can be constructed.
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Fi1Gc. 3. Trace at © = 1000 m.

Note that the scale in Figure 3 predicts that very small signals will be received.
These signals are within the sensitivity of a geophone, but smaller than many noise
sources that can be identified in the field, so considerable signal averaging will be
necessary for detection to be at all feasible. In the computation, we have assumed
a current leakage of 1amp/m of electrode length, for a total leakage of 1500 amps.
All the results scale linearly with the current, so the small signals predicted can be
enhanced by increasing the current.

Figure 4 shows the resulting electroseismogram, analogous to a conventional seis-
mic gather, for a line of geophones orthogonal to the two electrodes and offset 250 m
from the center. We have labeled a number of the events in Figure 4. Event ES1
results from energy that has been converted from EM to seismic at the first interface
and has subsequently propagated upward to the surface. Note that this event is flat,
that is, the arrival times are the same at all the receivers. This behavior is in con-
trast to that of a conventional seismic reflection, which has “moveout” caused by the
geometry of the ray paths, i.e., a hyperbolic dependence of arrival time with offset of
the receiver from the source. In contrast, the asymptotic theory of ES conversion [24]
shows that the seismic rays resulting from an incident EM wave leave the interface
normal to it. For a layered earth, this means that all the converted seismic rays travel
vertically. Since the propagation of EM energy is virtually instantaneous on the seis-
mic time scale, the converted seismic signals propagating vertically from each point
on the interface arrive at the surface simultaneously. Another way to understand this
phenomenon intuitively is to note that the EM wave speed is much greater than the
seismic wave speed. Therefore Snell’s law predicts that the converted seismic waves
leave the interface in approximately the normal direction.

Note also that the amplitudes of event ES1 go to zero at a point midway between
the electrodes, with a sign reversal as this midpoint is crossed. This is a result of
symmetry of the problem. The asymptotic theory [24] shows that the P-wave con-
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F1G. 4. Electroseismogram (three-layer model).

version is dependent on the electric field normal to the interface, which for a layered
earth is in the vertical direction. From symmetries of the electrode, the vertical E
field changes sign on a line midway between the electrodes, and so the ES conversion
to P-waves changes sign there also.

Moreover, only the P-wave response of the energy converted at an interface con-
tributes to the vertical velocity of the ground. This is because the converted S-waves,
which likewise travel vertically, have a particle motion orthogonal to their direction
of travel, i.e., they contribute a purely horizontal component to the solid velocity.
Furthermore the Biot slow wave is undetectable at the surface. Although Biot slow
waves are generated at the interfaces by the EM field, their rapid decay (typically on
a scale of inches!) makes their amplitudes transcendentally small at the surface.

The amplitude of ES1 peaks at a position 160 m from each electrode, outside of
the area bounded by the two electrodes. This is a general property of conversions from
a single interface, and is used in planning the placement of the geophones. Typically
geophones are placed to cover an area where significant signals are expected. The
geophone line shown here is for illustrative purposes only.

Returning to Figure 4, other flat events, e.g., events ES2, ESM1, and ESM2, can
be identified by comparing their times of arrival with the P-wave velocities in the
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layers. Event ES2 results from the primary conversion to seismic propagating upward
from the second interface. Events ESM1 and ESM2 are multiples: Event ESM1 is
energy converted to seismic at the first interface, directed downward where it is re-
flected upward as seismic at the second interface and finally received at the geophones.
Event ESM2 is energy converted at the second interface, with seismic reverberation
between the first and second interfaces before being received at the surface. As is
usual, amplitudes of the multiples are considerably less than those of the primaries.

Other events, which do not have simultaneous arrival times, result from conver-
sion of EM to seismic energy directly where the electrode contacts the ground. This
produces a small, order of L, seismic survey along with the ES survey. Of course the
ES conversions at the interfaces, which are the signals we seek, are also of order L. So
conversion at the electrodes cannot be ignored.

Event P is the direct arrival of the P-wave generated at the electrodes, traveling
just below the surface. Events PP1 and PP2 are reflections of the P-wave generated
at the electrodes from the first and second interfaces, respectively. Event PS1 is a
combination of P to S and S to P conversions at the second interface.

Event RL is a Rayleigh wave, or “ground roll” traveling along the surface and
generated at all points of the east electrode. It is identified by the Rayleigh wave speed
and linear dependence of arrival time with distance from the source. In the layer code,
the Rayleigh wave manifests itself as a pole in k space, and care must be taken in
numerical integration of the Hankel transforms as the path of integration nears this
pole. Since the pole is near the real axis, numerical stability is enhanced by giving the
frequency a small positive imaginary part, that is, replacing w — w + 8. The effects
of complex frequency can then be removed in the time domain by multiplication by
a factor of €. Also, to enhance numerical stability, the wavenumber can be given a
small negative imaginary part.

Event RL is approximately what would be obtained if the electrode were an
infinite line source. However, because the actual electrode is of finite length, there are
end-point contributions RE1 and RE2 from the north and south ends of the east elec-
trode, and these manifest as separate events.

Many more events can be identified in Figure 4, and interpretation becomes in-
creasingly complicated as the number of layers increases to model realistic exploration
geometries.

The conductivity in layer 2 is representative of that of an oil reservoir. In Figure 5
we compare this model with that of a similar model where layer 2 conductivity is an
order of magnitude higher, indicating that there is no oil. Shown is the amplitude
versus offset for the ES conversion at the first interface. As expected, the presence
of oil enhances the signal considerably. In contrast, changing the permeability by an
order of magnitude has virtually no effect, as is shown in Figure 6. These results are
qualitatively consistent with conclusions based on the asymptotic theory [24].

In Figure 7 we show that in some carefully chosen cases, the presence of very
small layers can have a dramatic effect on the amplitudes of the received signals.
We compare the model of Figure 2 with a similar model that has a 10 cm gas sand
inserted just above the reservoir, i.e., between layers 1 and 2. The result is that the
ES conversion is more than doubled.

This effect can be understood qualitatively as arising from the much greater com-
pressibility of a gas compared to a liquid; the enhanced compressibility provided by
even a small layer of gas allows for much more movement of the solid matrix. Mathe-
matically, a small layer can have an effect only if the exponential matrices eAm&zm
that occur in (4.21) differ substantially from the identity matrix. Of course these
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matrices must approach the identity as the layer thickness Az,, becomes sufficiently
small. However, the Biot slow wave has a very large slowness, as is discussed asymp-
totically in [24]. The complex Biot slow wave slowness is one of the eigenvalues of
A, namely, g2 in (A.1), and has been computed for the parameters of Figure 2 (and
horizontal slowness v = 0) as g2 = .348(1 + ). Therefore the matrices in question
have a second diagonal element of e3-28(=14%) which differs substantially from unity.
In general it is the potentially large slowness of the Biot slow wave, i.e., its short
wavelength, that allows the possibility that a small layer might have an order one
effect.

A small layer can also have a large effect by substantially changing the local elec-
tric field, as is illustrated in Figure 8. For the base case in this figure, we consider the
same model parameters as in Figure 2, except that the reservoir thickness is reduced
to 10m. The result of this model may be compared with case 1, in which we insert
a thin, 2 cm, highly resistive layer just below the top of the reservoir, with a varying
conductivity profile as shown in Figure 9. This continuously variable conductivity
profile is simulated by discretizing it over 200 layers, each with a thickness of .1 mm.
The result is a dramatic rise of the amplitude of the ES conversion by more than an
order of magnitude, as compared with the base case. The much higher ES conversion
may also be achieved with a constant resistivity layer at the top of the reservoir, as
is illustrated in case 2. For this case, the highly resistive thin layer has a constant
resistivity of 25002 — m and a thickness of 5 cm.
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Fic. 7. ES conversion enhancement due to gas presence.
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All model parameters are the same as in Fiqure 2 except that the reservoir thickness
is reduced to 10m. Case 1: Highly resistive thin layer (2 cm) with conductivity profile
shown in Figure 9 is inserted just below top of the reservoir. Case 2: 5 cm highly

resistive thin layer with constant resistivity 25000 Qm replaces
the thin layer in Case 1.

F1a. 8. Effect of a high resistivity thin layer on ES conversion.

The normal electric field for case 2 of Figure 8 is plotted in Figure 10. It is
relatively constant over the thin resistive layer, with a discontinuity at the interface
proportional to the ratio of resistivities, as is inherent in Maxwell’s equations. In
the asymptotic theory [24] the size of the discontinuity of the normal electric field
is a major factor in the magnitude of the ES conversion at an interface. Although
the layer in this example is too small for the strict validity of the asymptotic theory,
the qualitative dependence of ES conversion on the normal electric field is seen to be
similar here.

In Figure 11 we demonstrate how fine structure in a reservoir can also raise the
amplitude of the ES conversion. In this figure, we consider a 20 m thick reservoir with
a periodic structure of 67 gas-oil-shale layers, each of thickness 1cm. The result is
a substantial increase in converted wave amplitude, as compared with the case of a
homogeneous reservoir.
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F1G. 10. Local normal E field near a highly resistive thin layer.

9. Conclusions. We have shown how the equations of electrokinetics can be
put into Ursin’s form in a plane-layered medium. Using this form we have derived
explicit formulas that can be used as the basis of an efficient layer code, and have
shown numerical results for spatially extended electrode sources that have been used
in field tests.

More generally, the methods developed are applicable to any system that can
be put into Ursin’s form. In particular, the code that was written for ES waves
can be modified to separately compute seismic waves, EM waves, or the waves of
Biot theory, which are all included in Pride’s equations: For seismic waves, isotropic
elasticity is recovered from the third and fifth equations of (2.1) by simply taking
ps=0,C=0; then E,H, w,p vanish, so their components may be deleted to reduce
the dimensionality of the systems. Similarly, in the limit L — 0 we recover either
Maxwell’s equations or Biot’s equations separately.
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Fine structure of 20 m thick reservoir is modeled by 67 cycles. Each cycle
contains three layers: gas-oil-shale with equal thicknesses of 1 cm. The oil layer
has the same properties as the second layer in the fiqure 2 except Vp = 2500
m/s. The gas layer has the same properties as in fiqure 7; and shale
properties are the same as the background.

F1a. 11. Effect of fine structure on ES conversion.

As expected, the higher electrical resistivity of hydrocarbons does considerably
enhance the ES waves converted at reservoir boundaries. For shallow reservoirs, ES
signals should be detectable. However, our calculations show that there are significant
technological challenges to make ES a reliable tool for detecting deep oil reservoirs
because the received signals from depth are likely to be small unless a great amount
of EM energy can be put into the ground. Effective signal processing techniques will
be necessary to separate the signals from noise. Also, desired signals originating from
deep interfaces may be obscured by conversions from shallow interfaces because the
EM field is likely to be large at shallow depths where it has not attenuated much.

In comparison to purely EM prospecting, the EM waves used in ES can be of
lower frequency to give the same wavelength of the returned (i.e., seismic) signal.
Also, in ES prospecting the EM waves only go one way, i.e., down to the reservoir,
as opposed to the round-trip taken by the EM waves in an EM survey. Since EM
waves attenuate with propagation distance, and with shortened wavelength, these two
effects favor ES. However, these effects are counterbalanced by the fact that in ES
only a small fraction of the EM energy is converted to seismic at an interface, giving
a corresponding reduction in the amplitude of the ES signal.

The ES conversions at interfaces are generally consistent with the asymptotic
theory of [24], which gives three-dimensional effects not included in layered earth
modeling. However, the layer code predicts a surprising result that is not computable
with the asymptotic theory: the possibility that layers very much smaller than a
seismic wavelength can have a large effect on the amplitude of the received ES signal.
This was demonstrated by the model of a thin gas sand overlying an oil reservoir, by
the model of a thin but highly resistive layer, and by a cyclical model of reservoir
fine structure. The possibility of signal enhancement through this mechanism must
be considered in analyzing the amplitudes of electroseismograms.

Another challenge is the interpretation of the many different types of events seen
in electroseismograms. For example, we have shown that ES conversions where the
electrode contacts the ground produce a multitude of signals; these signals are a sort
of source-generated noise, which can obscure the returns from EM waves converted to
seismic at reservoir boundaries. Modeling of the type we have shown here is essential
for proper interpretation and classification of all these signals.
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Appendix A. Eigenvectors for System 1. See also [17, 7]. The four modes
for system 1 are
e m = 1: fast compressional wave (P-wave);
e m = 2: Biot slow wave;
e m = 3: vertical shear wave (SV-wave);
e m = 4: transverse magnetic wave (TM-wave).
m = 1,2 are longitudinal waves. For these modes

(A1)

2 _ .2 L3 .
T, = 7+61<Cpf 5 Mp 2(/\+2G)(w)ﬂz

epy (ovs20 () 00) 4ot (L)) o 200,

m=1,2.

In (A.1) the plus sign is for m = 1 (P-waves) and the minus sign is for m = 2
(Biot slow waves). Then for m = 1,2

1 2v°G = p — py&m
__ | G _am |7 _
(A2) a,=an 6 , bm_Qm pf"’_i(%)ﬁng , m=1,2,
0 _7(%)ﬁ2£m
where
(A.3)
Cos— Mp— (qfn+v2))
: :< ! » ) (Cp— (A +2G)py) 1o
(Mps =i (5) Ch) (U822~ Cpp (A +26) () )
and
_ Im
A4 Am = - , m=1,2.
(A4 \/p +2p5&m +1i (k) B8R

m = 3,4 are transverse waves. For these modes

1 WK oG
2 2, Lo (WK .
f= 4 g (o i () +i72)

1 — 2
(A.5) ¥ <10':G —p—ip? (“;”)) —4L2puG, m=3,4.

In (A.5) the minus sign is for m = 3 (SV-waves) and the plus sign is for m = 4
(TM-waves). Then

- ) 2_ 2 G
(A6) a, = bm Gy = %) 1
LT g | ver () HvLém

—Lpf -‘ri%gm fm
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where

2
prLlp G ( 2 2 P -(pf) (w&))
AT) én= =\t - =il -~ (=) ) m=34
Ao e () gz =2 L\ 77 T \@ )\

and

. T
(A.8) by = \/ —= , m=3,4.
G (g2 +7%) + prLém — i (2) &,

Appendix B. Eigenvectors for System 2. See also [17, 7]. The two modes
for system 1 are
e m = 1: horizontal shear wave (SH-wave);
e m = 2: transverse electric wave (TE-wave).
The eigenvalues are the same as for the transverse modes of System 1, i.e.,

1 , WK ouG
2 _ 2, L 9 (WK
&=+ 5 (o i (25) 4172

1 — 2
(B.1) ¥ <z"“G —p—ip? (“’“)) —4L2puG, m=1,2.
1

2G w f

In (B.1) the minus sign is for m = 1 (SH-waves) and the plus sign is for m = 2
(TE-waves). The eigenvectors are of the form

2
_[1 am | G
B.2 Am = am ; bp=— 2 o , m=1,2,
B2 [&n] G | PrL+Em (”,L—w)]
where
G o p . PFR
§m—2pr (w) (G—i—sz
G iop p . P} pp3L?
B.3 1 EE) - (L 4wt - , m=1,2,
(B-3) T oL (w) <G+MG G
and
_ dm
(B.4) Ay, = —.
a3, + py Lém + €2, (% —i2)

Again, in (B.3) the minus sign is for m = 1 (SH-waves) and the plus sign is for m = 2
(TE-waves).

Acknowledgment. We thank Max Deffenbaugh for his tests of the computer
code.

REFERENCES

[1] M. A. Biot, Theory of propagation of elastic waves in a fluid-saturated solid 1. Low frequency
range, J. Acoust. Soc. Amer., 28 (1956), pp. 168-178.



[10]
(11]

(12]

BENJAMIN S. WHITE AND MINYAO ZHOU

M. A. Bior, Theory of propagation of elastic waves in a fluid-saturated solid 11. Higher fre-
quency range, J. Acoust. Soc. Amer., 28 (1956), pp. 179-191.

K. E. BUTLER, R. D. RusseLL, A. W. KEpiCc, AND M. MAXWELL, Measurement of the seismo-
electric response from a shallow boundary, Geophys., 61 (1996), pp. 1769-1778.

M. B. DOBRIN, Introduction to Geophysical Prospecting, 4th ed., McGraw-Hill, New York,
1988.

S. GARAMBOIS AND M. DIETRICH, Seismoelectric wave conversions in porous media: Field
measurements and transfer function analysis, Geophys., 66 (2001), pp. 1417-1430.

S. GARAMBOIS AND M. DIETRICH, Full waveform numerical simulations of seismoelectromag-
netic wave conversions in fluid saturated stratified porous media, J. Geophys. Res., 107
(2002), pp. 40-58.

M. W. HAARTSEN AND S. R. PRIDE, Electroseismic waves from point sources in layered media,
J. Geophys. Res., 102 (1997), pp. 24745-24796.

S. C. HORNBOSTEL AND A. H. THOMPSON, Source Waveforms for Electroseismic Exploration,
U.S. Patent 6,477,113 B2, issued Nov. 5, 2002.

S. C. HORNBOSTEL AND A. H. THOMPSON, Waveform design for electroseismic exploration,
75th Annual Meeting of the Society of Exploration Geophysicists, Expanded Abstracts,
Tulsa, OK, 2005.

S. C. HORNBOSTEL AND A. H. THOMPSON, Waveform design for electroseismic exploration,
Geophys., submitted.

B. L. N. KENNETT AND N. J. KERRY, Seismic waves in a stratified half space, Geophys. J. R.
Astron. Soc., 57 (1979), pp. 557-583.
O. V. MIKHAILOV, M. W. HAARTSEN, AND N. TOKS0z, Electroseismic investigation of the

shallow subsurface: Field measurements and numerical modeling, Geophys., 62 (1997),
pp. 97-105.

0. V. MiKHAILOV, J. QUEEN, AND N. TOKS0z, Using borehole electroseismic measurements to
detect and characterize fractured (permeable) zones, Geophys., 65 (2000), pp. 1098-1112.

M. N. NABIGHIAN, ED., Electromagnetic Methods in Applied Geophysics, Vols. 1,2, Investiga-
tions in Geophysics 3, Society of Exploration Geophysicists, Tulsa, OK, 1987.

S. R. PRIDE, Governing equations for the coupled electromagnetics and acoustics of porous
media, Phys. Rev. B, 50 (1994), pp. 15678-15696.

S. R. PrIDE, A. F. GancI, AND F. D. MORGAN, Deriving the equations of motion for porous
isotropic media, J. Acoust. Soc. Amer., 6 (1992), pp. 3278-3290.

S. R. PRIDE AND M. W. HAARTSEN, Electroseismic wave properties, J. Acoust. Soc. Amer., 100
(1996), pp. 1301-1315.

A. H. THOMPSON, Electromagnetic-to-seismic conversion: Successful developments suggest vi-
able applications in exploration and production, 75th Annual Meeting of the Society of
Exploration Geophysicists, Expanded Abstracts, Tulsa, OK, 2005.

A. H. THOMPSON AND G. A. GIST, Geophysical applications of electrokinetic conversion, Lead-
ing Edge, 1993, pp. 1169-1173.

A. H. THOMPSON, S. C. HORNBOSTEL, J. S. BURNs, T. J. MURRAY, R. A. RASCHKE, J. C.
WRIDE, P. Z. McCAMMON, J. R. SUMNER, G. H. HAAKE, M. S. BixBy, W. S. Ross, B. S.
WHITE, M. ZHOU, AND P. K. PECZAK, Field tests of electroseismic hydrocarbon detection,
75th Annual Meeting of the Society of Exploration Geophysicists, Expanded Abstracts,
Tulsa, OK, 2005.

A. H. THOMPSON, S. C. HORNBOSTEL, J. S. BUrns, T. J. MURRAY, R. A. RASCHKE, J. C.
WRIDE, P. Z. McCAMMON, J. R. SUMNER, G. H. HAAKE, M. S. BixBy, W. S. Ross, B. S.
WHITE, M. ZHOU, AND P. K. PECZAK, Field tests of electroseismic hydrocarbon detection,
Geophys., in press.

R. R. THOMPSON, The seismic electric effect, Geophys., 1 (1936), pp. 327-335.

B. URrsIN, Review of elastic and electromagnetic wave propagation in horizontally layered me-
dia, Geophys., 48 (1983), pp. 1063-1081.

B. S. WHITE, Asymptotic theory of electroseismic prospecting, SIAM J. App. Math, 65 (2005),
pp. 1443-1462.

M. S. ZHpDANOV AND G. V. KELLER, The Geoelectrical Methods in Geophysical Exploration,
Methods in Geochemistry and Geophysics 31, Elsevier, New York, 1994.



SIAM J. APPL. MATH. (© 2006 Society for Industrial and Applied Mathematics
Vol. 67, No. 1, pp. 99-115

A QUEUE-LENGTH CUTOFF MODEL FOR A PREEMPTIVE
TWO-PRIORITY M/M/1 SYSTEM*

QIANG GONGT AND RAJAN BATTA?

Abstract. We consider a two-priority, preemptive, single-server queueing model. Each customer
is classified into either a high-priority class or a low-priority class. The arrivals of the two-priority
classes follow independent Poisson processes, and service time is assumed to be exponentially dis-
tributed. A queue-length cutoff method is considered. Under this discipline the server responds only
to high-priority customers until the queue length of the other class exceeds a threshold L. After
that the server switches to handle only the low-priority queue. Steady-state balance equations are
established for this system. Then we introduce two-dimensional generating functions to obtain the
average number of customers for each priority class. We then focus on the preemptive resume case
while allowing for weights associated with both priority class queues. We develop methodologies to
obtain the optimal cutoffs for the situation when the weights of both queues are constant (i.e., not a
function of queue length) and the situation when the weights change linearly with the queue lengths.
It is important to point out that our method does not lead to a closed-form exact solution, but rather
to a numerical approximation, from which cutoff policies are analyzed.

Key words. priority queue, queue-length cutoff, generating function
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1. Introduction and literature review. Our research is primarily motivated
by a disaster-relief project which deals with how to rescue casualties after a disaster
occurs. We consider a dynamic disaster environment (e.g., earthquake), in which
thousands of casualties need to be treated. The casualties in such a disaster setting are
usually placed into four levels (see the description of HAZUS, a GIS-enabled software
used by the Federal Emergency Management Agency (FEMA) for the purpose of
earthquake loss estimation, in the paper by Al-Momani and Harrald [1]):

1. Severity level 1: injuries will require medical attention, but hospitalization is
not needed.
2. Severity level 2: injuries will require hospitalization but are not considered
life threatening.
3. Severity level 3: injuries will require hospitalization and can become life
threatening if not promptly treated.
4. Severity level 4: victims are killed by the earthquake.
In an earthquake disaster-relief setting (e.g., the one that occurred in Northridge, CA,
in 1994) severity level 1 and 4 calls are initially not responded to. Thus the system
operates as a two-priority queue, with severity level 3 being priority 1 and severity
level 2 being priority 2. Since injuries can rapidly deteriorate when unattended, it is
possible that severity level 2 injuries that are left unattended for a long period of time
can become even more critical than a typical severity level 3 injury. Thus operating in
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Nhigh
High priority queue Server 1
Server 2
Niow
Low priority queue Server 3
. OO O OO0
Server 4

Fic. 1. Server cutoff model.

a strict priority queue model in a heavy-traffic situation would be detrimental. This
provides the motivation to study a two-priority queueing system with a queue-length
cutoff. This cutoff model is being implemented in the software for disaster relief being
developed at the Center for Multisource Information Fusion at the University at Buf-
falo (SUNY). Details of its effectiveness via case studies developed for an earthquake
scenario in Northridge, CA, will be presented in a later paper.

There are other applications of this queue-length cutoff model. For example,
telecommunication in ATM (asynchronous transfer mode) networks also has this fla-
vor. Voice data must flow through the network without noticeable distortion or delay.
Losing a chunk of voice data isn’t a problem, but a delay or receiving data out of
order is. So voice is “delay sensitive, loss insensitive.” On the contrary, computer
data are “delay insensitive, loss sensitive,” since individual chunks are not of much
use until they are all received, but in many cases data delay in transmission is often
acceptable. Based on the characteristics of both types of data, voice is classified as
a high-priority class, computer data as a low-priority class. Again, computer data
cannot be indefinitely delayed, so it makes sense to have a queue-length cutoff model
in such a situation.

Previous research in the area of priority queueing models may be categorized as
either server cutoff or queue-length cutoff. Figures 1 and 2 illustrate two straightfor-
ward examples for both types of models, respectively.

Depending upon the number of available servers, server cutoff discipline deter-
mines which classes of patients are qualified for service. The example shown in Figure
1 has two cutoffs, Npign and Nigw. Obviously, Npign is equal to the total number
of servers. Low-priority customers enter service only if fewer than Nju, (< Nhigh)
servers are busy. The purpose of this method is to reserve servers for high priorities.
Taylor and Templeton [2] studied two variants of a simple two-priority server cutoff
model: one assumes high-priority customers backlogged in the queue, while the other
assumes they are lost if all servers are busy. Schaack and Larson [3] extended the
two-priority case to the T-priority problem (T > 3). In a subsequent paper, Schaack
and Larson [4] derived waiting time distribution of each class for an extension of this
model, which assumes that customers require a random number of servers for service.

The queue-length cutoff priority queueing model can be regarded as the dual
problem of the server cutoff model. Instead of considering the number of available
servers, it manipulates the system based on the queue lengths. In the example shown
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Fic. 2. Queue-length cutoff model.

in Figure 2, a cutoff number L is set on the low-priority queue. The servers process
the high-priority queue only if the low-priority queue length is less than or equal to
L. Once the threshold L is exceeded, part of or all of the servers go to serve the
low-priority queue. Gross and Harris [5] published solutions of expected queue length
and expected waiting time for a special two-priority model, which assumes the head-
of-the-line discipline (i.e., L = o0). Miller [6] obtained the steady-state probabilities
by a matrix-geometric method for the same model. Recently, Knessl, Choi, and Tier
[7] derived the joint queue-length distribution as an integral for their dynamic two-
priority queue-length cutoff model. Our work builds upon their research by developing
methodologies to obtain the desired queue-length cutoff L in the preemptive resume
case for the situation when the weights associated with customers in both queues are
constant and the situation when these weights change linearly with the queue lengths.
In a disaster setting the weight signifies the importance associated with timely medical
treatment of the patient.

2. Model formulation. Customers are designated one of two priority classes
which are numbered as class-1 and class-2 so that the smaller the number, the higher
the priority. The arrivals follow independent Poisson processes with rates A; and Ao,
respectively. A single server processes both types of the customers with a mean rate p.
In order to make the system stable, we assume the stability condition as p; + p2 < 1,
where p; = % and py = 2.

Let X (¢) and Y (¢) be the number of class-1 and class-2 customers in the system
at time ¢, respectively. We consider the bivariate process {(X(¢), Y (¢)),t > 0} with
state space S = {(i,5) : 4,5 = 0,1,2,...}. The steady-state probabilities are defined
as p;; = Pr{in steady-state ¢ class-1 customers and j class-2 customers in the system}.

The service discipline is controlled by the queue-length cutoff policy. A cutoff
number L is set on the lower priority class. If the number of customers in the lower
priority queue is less than or equal to L, only class-1 customers are served. Once
the threshold L is exceeded, the server preempts the customer of class-1 currently in
service. The server keeps serving class-2 customers until the queue length of class-
2 is shortened to L. Then the server preempts the class-2 customer who is being
processed and switches back to service class-1 customers. The sequence within each
class is ordered on a first come, first served basis. When there is an empty queue, the
server only processes the other queue regardless of the threshold L.
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Fic. 3. Rate transition diagram.

This problem, in summary, is a Poisson-arrival, exponential-service, single-server,
two-priority queue with the preemptive queue-length cutoff discipline.

3. Balance equations and generating functions. Our model is the same as
that in [7]. The rate transition diagram is shown in Figure 3. The system is separated
into two main parts by the threshold L. The first one gives class-1 customers higher
priority, while class-2 customers receive higher priority in the second one.

Equating flow in to flow out, we get the balance equations for all sets of states in
the dashed boxes in Figure 3 as follows:
i=0and 53 =0:

(3'1) ()‘1 + )‘2)p0 = [Por T Py

i=0and1<j<L—1:

(32) (/\1 + A2 + U)p()j = >\2p0,j71 + HDPq ;41 + HPy ;-
i=0and j = L:
(33) ()‘1 + A2 + /’l’)pOL = )\ZPO,L—I + HDo 11 + up,, -

i=0and j > L+ 1:

(3.4) (A4 A2+ w)py; = APy ;0 + 1P 50
i>1and j=0:

(3.5) (A 4+ Ao+ w1)py = pP,r o + M0,y -
i>land 1<j<L-—1:

(36) ()‘1 + )\2 + /’I’)pij = )\lpi—l,j + >\2pi,j—l + :upi+1,j'
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t>1land j=0L:

(37) ()‘1 + >‘2 + /’I’)piL = )\lpi—l,L + )\2pi,L71 + HP;i1, 1 + HD; ryq-
i>1land j>L+1:

(38) (>‘1 + A2+ ,u)pi_y‘ = >‘1p1',—1,_7‘ + >\2pi,j—1 + HP; jgq-

In view of the difficulty in obtaining the solutions from the recursive method,
Knessl, Choi, and Tier [7] first derived the generating functions from the balance
equations, then got the probabilities by inverting the generating function. Of interest
in most applications are the measured system performances such as the expected
number of class-1 customers N7 and the expected number of class-2 customers Ny in
the system. However, their joint queue length is given by an integral which makes it
difficult to calculate or even estimate N; and Ns.

We calculate N7 and Ns by computing the first moment of the generating function.
To facilitate this we introduce the two-dimensional generating functions as follows:

(3.9) Hj(w)=> p,w, 0<j<L-1,
i=0
oo L—1 L=l
(3.10) H(w,z) = Z Zpijw’zj = Z 2 Hj(w),
i=0 j=0 3=0
(3.11) G(w,z) = Z Zpi].wizj,
i=0 j=L
(3.12) F(w,z) = H(w, z) + G(w, 2).

4. Expressions for generating functions. Since the threshold L divides the
system into two parts, we need to calculate H(w, z) and L(w, z) separately to obtain
the generating function F'(w, z) for the whole system.

We first consider H(w, z). From (3.1), (3.2), (3.5), and (3.6), it is found that

(4.1) H( ) (g B u) Po + Aoz Hp o (w) + (g B g) Zjl‘:ll pOij - /lZLilpoL
- w,z) = |
)\1w+)\gz—()\1+)\2+u)+g

Details of this derivation are shown in Appendix A.
Similarly, (3.3), (3.4), (3.7), and (3.8) yield

{Alw + A2z — (A1 + A2 +p) + l,ﬂ G(w, z)
(4.2) )

1 %
L
= —XoHp -—-——|H = .
z { 2y, 1(w)+u(z w) L(w) + wPOL}
Details of this derivation are shown in Appendix B. By the method presented by
Knessl, Choi, and Tier [7], the left-hand side of (4.2) can be rewritten as

(4.3) 22 10— o (W) (2 — 24 ()]G, 2),

z
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where
(4d) o)< AT o A= Vit A+ d = Aw)? — Adop
. R 2)\2 ’
M+)‘1+)‘27)‘1w+\/(N+>\1+)\2*)\1w)274)\2u
4. = .
(4.5) 24 (w) o

By setting z = z_(w), we can get Hr(w) in terms of Hy_1(w) and p,, as

z—(w) [ppwHp 1 (w) — p,, |

4. H = .
(4.6) L(w) p—
Substituting (4.6) into (4.2) gives
Por P2U)HL—1(U7)) < 2k )
4.7 G(w,z) = .
7 wa = (") (e
It follows that
(ﬁ - M) D, + AQZLHL—l(w) =+ (ﬁ - E) Z]I“:_ll pojzj - :UZLilpoL

(4.8) F(w,z)=-Y Wz 7

>\1w—|—)\22’—()\1—|—/\2+u)+a

. {pu —pszL_1(w)] [ L }
prw—z(w) | z=z(w)]

In order to evaluate the expression for F(w,z) given in (4.8) p,, p,, (j = 1,...,
L —1), H,_1(w), and p,, have to be determined.

We first focus on finding the initial state probability p,. Intuitively, for our
problem p, is solely determined by p, A1, and Ay and is not affected by the ordering of
service. Thus, the probability of idleness should be the same as the one in the M /M /1
model with two input streams. We formally establish this result in Proposition 4.1.

PROPOSITION 4.1. The idle probability is given by p, =1 — p1 — pa.

Proof. Setting z = 1 in (4.1) and (4.7), we have

1 - 1
AeHp—1(w) + M(w - 1) 25211 Do; + 1 (w B 1) Po + BPo,,

Mw— (M +p)+ £
w

Glw,1) = (pw PQwHL—Mw)) < | > |

pa (w =z (w)) 1=z (w)

Then we set w = 1 in the equations above and use ’'Hopital’s rule to get

-1
I
H(1,1) = )\—2 ( E Do, +p0L>
j=1

H(w,1) =

and

and

L—1
p p
1,1)=-—— v — )y,
G(1,1) " <j§_lpo] +p0L> + <u—/\1 — /\2>p0

By employing the condition that F'(1,1) =1, we find that p, =1 — p; — pa. |
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Now we are going to describe how to calculate p,; (j = 1,...,L — 1). Define
p (i,7 = 1,2,...) to be the state probabilities in the head-of-the-line case. Miller
[61 presented a series of recursive formulas for calculating p . Knessl, Choi, and Tier
[7] explained that p,; in our model are the same as the correspondlng p for all 4 and
0<j<L-1 Therefore Miller’s method [6] can be directly used for our problem to
obtain p,; (j =1,...,L—1).

Our next focus is on deriving the expression for Hy_;(w). Equations (3.1) and
(3.5) yield

1—w

(4.9) {Alw — M+ A+p)+ 5}] Hy(w) = —pp,, + 1 (w) Dy-

From (3.2) and (3.6), the relationship between H;(w) and H;_1(w) is found as

_ Pl (w JH: 1 (w
(4.10) |:)\1’w (>\1+)\2+M)+w}HJ( )+ A H; (w)

H .
= _:u’p(),j+1 =+ Ep()j’ 1 S J S L—-1

By setting A(w) = Ajw — (A 4+ A2 + p) + £ and solving (4.9) and (4.10) recursively,
we can establish the following result (presented without proof).
PROPOSITION 4.2. The general form of Hj(w) (1<j<L-—1) is

1

_L M N J k—1 Ay \k
A(w)p"’f'”(wm J+1><Z P! M)

0

(411) Hj(w)=p

1—w

+(A2)j<W>p0] L 1<j<L-1.

By setting j = L — 1 and w = 1 in (4.11), we get p,, as
(4.12) Por = p2HL1(1).

Knessl, Choi, and Tier [7] presented an exact formula of Hy_1(1) as an integral.
However, as they noticed, for L > 30 the calculation becomes intractable. Thus
we use an approximate method to calculate Hy_1(1). From (3.9) we know that
Hp (1) = > 0p, .- Thus Hy_1(1) is approximated by Zi\iopufl, where M
is a sufficiently large number—in particular, we will later see in section 7 that using
M = 5L works well in numerical tests.

5. Derivation of expected numbers in system. Armed with an expression
of the generating function F(w, z), we proceed to calculate Ly and Lo. We take the
partial derivatives of F'(w, z) in terms of both w and z and evaluate at (1,1) to get
the results:

20 (75 oy + o) = 2udaHE (1) = Aol = M) HE_, (1)
b 2(u = A)?
(5.1) 2H; () + HY (1) (Hpa (D) + Hy (D) (1)
2L () - D -2 (D) 20— L7 - 2 D)
(i () + Hy (1) ()
(=L D)(1 - 2D
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and
L-1
Ny = (L—-1)H,_1(1) + L > (= Dpy,
(5.2) P2
Hp.(1) + H’L_l(l)} {L(l -z (1) -1
2 (1) -1 (1—24(1))

To evaluate N7 and N3, we observe that we further need to know the values of
2! (1), 2(1), z4(1), 2, (1), H;_;(1), and H}_;(1). These are as follows:

)\1 2/1,)\2
"(1) = : (1) = —S
=W=m% AW
I / 2!
1 = — 1 [
Z-‘r( ) )\27 Z+( ) (,U/_)\Q))\Q’
M- MA A —p) (& P
H/Lfl(l) :M[( 2 )pOL +< A2 Zpoj +>\7 ’
2 2 =1 2
and
Hi (1

)
- 2/1)\2 +2(M—/\1)2 2u)\2—|—2(u—)\1 —/\2)(LIM—L)\1 +/\2) L1
- /’[’ )\g p0L+ )\g poj
1

Jj=

(2 =) (Lzl(j i 1)%]_) (A=) pol.

j=2

6. Properties. Having studied the generating functions and derived the formu-
las for N7 and N,, we are ready to discuss some important properties of this queueing
system.

As mentioned previously in section 1, our queueing model is a generalization of
the head-of-the-line model. The first two properties are straightforward to establish.
The reader is referred to [8] for detailed proofs.

PROPERTY 6.1. When L = oo, the queue-length cutoff model is reduced to the
head-of-the-line model.

The next property has been discovered through intuitive observation. The point
here is to investigate the mean number of customers (including both class-1 and class-
2) in the system. If we consider the two classes as a whole, it is instructive to point out
that changing the value of L only changes the order of the service and never changes
the mean number of customers in the system. Clearly, the mean number of customers
in our problem is the same as the one in the head-of-the-line model, or even the same
as the one in the nonpriority M/M/1 model. It needs to be noted that the service
rates of the two classes have been assumed to be equal and the classes have the same
weight—hence the class-1 and class-2 jobs are indistinguishable.

PROPERTY 6.2. Independent of the queue-length cutoff L, the mean number of
customers N1 + Ny is a constant, which is given by

A1+ A2

6.1 N Ny = ————,
(6.1) LA = A1 — A2
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Although the mean total number of customers in the system is a constant, it is
quite natural to see that N; and N5 do change as L changes. Consider the example of
increasing the value of L. It is intuitively clear that the server spends more time on
the high-priority queue than before. Thus N; decreases as L increases. Conversely,
Ns is an increasing function in terms of L.

Basically, there are two different preemptive priority disciplines: preemptive re-
sume and preemptive repeat. Preemptive resume allows preempted customers to
continue their service where they left off when they reenter service, while preemptive
repeat requires preemptive customers to pick up a new value of service time from
the service-time distribution whenever they reenter service. The following property is
presented and proved under the first case only, i.e., preemptive resume.

PROPERTY 6.3. Under the preemptive resume priority discipline, suppose there
are two queue-length cutoffs L and L', where L < L. Then the following statements
are true:

(6.2) Ni(L) = Ni(L')
and
(6.3) Ny(L) < No(L').

Proof. Since it is not even clear how Hy,_1(1) and Zf;ll p,; behave as L changes,
it seems impossible to prove this property directly by (5.1) and (5.2). The remarkable
difficulty makes us resort to the following method.

We consider an arbitrary busy period. Obviously, when the priority discipline is
preemptive resume, the total service time of a class-1 or class-2 customer is in no way
affected by the number of times he/she is preempted. That is, changing the value of
L only changes the order of service, while the duration of any busy period is always
equivalent to the total service time of the customers in that period.

A typical example is shown in Figure 4, where the queue-length cutoff L = 4. It
is instructive to see that N7 and N> in a busy period can be calculated as

B Area(NiL)

(6.4) Ni=—F-=, i=12,

where

Area(NiL) = area covered by class-i customers given that the queue-length

cutoff is L, and
D = duration of that busy period.

In this proof, we only focus on (6.2). The assertion of (6.3) can be derived in a similar
manner. Suppose the current queue-length cutoff is L. If there is no preemption for
class-1 customers in this period, it is easy to see that the number of preemptions for
class-1 customers is still zero if L is increased to L'.

Consider now that there is at least one preemption for the high-priority queue.
We pick up an arbitrary preemption to study. An example is shown in Figure 5. We
can see that the preempted time point and the resume time point have been shifted
from PL and RY to PX" and RLl, respectively. Clearly, this shifting does not affect
the area before time point P*. Changes only occur after that time point. Since the
interarrival time between two customers and the service time of a customer cannot
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Fic. 4. An example of a busy period.
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Fic. 5. An example of a preemption.

be zero, the preemption time R — PL is strictly less than the one RV — P, This
result leads to another conclusion: at any time ¢ (> PL), X(¢) in the second case is
less than or equal to the corresponding quantity in the first case. Thus, when L is
increased to L', the area after time point P’ is strictly decreased. Combining the two
areas together, we can conclude that Area(Np) is a decreasing function of L. This
yields the final result that Ni(L) > Ny (L') when L < L’. The property follows. o

Property 6.2 tells us that the total number of customers in the system is constant.
However, let us consider an example. Suppose that there are 8 priority-1 customers
and 2 priority-2 customers in case 1 and that there are 2 priority-1 customers and
8 priority-2 customers in case 2. Although the total number of customers is 10 for
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both cases, it is obvious that case 1 is much worse than case 2. The reason is that
we usually assign a higher weight, 71, to priority-1 customers and a lower weight,
o, to priority-2 customers. In consideration of the weighted number of customers in
the system, Properties 6.2 and 6.3 lead us to the following result for minimizing the
function 7 N7 + mo Ny for certain choices of weights.

PROPERTY 6.4. In the preemptive resume model, suppose that m and 7o are
constant, where my > mo > 0 and my + mo = 1. The optimal queue-length cutoff is
given by L* = oo.

Proof. We consider two queue-length cutoffs L and L’ with L < L’. Suppose that
the average number of priority-1 customers is N7 and that the average number of
priority-2 customers is N if the cutoff is L. Thus the weighted number of customers
for this case is calculated as

(65) 7T1N1+7T2N2.

When L is increased to L', Property 6.3 tells us that N; decreases. Suppose the
number of priority-1 customers changes to N1 — €, where ¢ > 0. Then Property 6.2
shows that the number of priority-2 customers changes to No + €. The weighted
number of customers is given by

(66) 7T1N1 +7T2N2+(7T2—7T1)6.

It is easy to see that the value of (6.6) is smaller than the value of (6.5). Thus we
conclude that the optimal cutoff is given by L* = oco. O

We now address the more interesting case—which is particularly relevant to the
disaster-relief application—where the weight of a priority class may vary as the queue
length changes. Generally speaking, the weight increases (decreases) as the queue
length increases (decreases). Since m; and my correlate each other (mp = 1 — ),
we only need to specify one of them, e.g., m2. We consider the case when the weight
is a linear function of the queue length, i.e., the function can be expressed as my =
K N3+ C. The function is shown in Figure 6, where Noz,_ . and Nar, . stand for the
numbers of priority-2 customers under the minimal cutoff (L = 3) and the maximal
cutoff (L = o0) cases, respectively. The weights, may,, ., and map, for these two
extreme cases are assumed to be given. The parameters K and C are then determined
uniquely by the two points (Nar,, . ,72r,.,, ) and (Nag, ., 7ar, .. ) as follows:

mazx )

~ TM2Lmin

2L
6.7 K = —mes
(6.7) N,

Nor,

max min

and

(T2Lae = T2Lmmin) V2L mas

6.8 C= —
(6.8) T2L mas Nor Ny

max min

The weighted number of customers for the minimal cutoff case is given by
(6.9) T1Lin V1Lt + T2Lin N2Lsi-

Assume that L’ is an arbitrary cutoff that is larger than L,,;,. Define 6 and A to
be the values increased from sy, . to mars and from Ny, to Nays, respectively.
We can verify that 6 = KA. Then the weighted number of customers for this case is
calculated as

(6.10) (T1Lpin — O)(NiL,,, —A) + (72r,,:, +6)(Nar

min

+ A),

min



110 QIANG GONG AND RAJAN BATTA

TCZLmax e

TU 2Lmin [

0 N2Lmin Nov NZLmax N2

Fic. 6. A linear weight function.

which is equivalent to

(7T1me Nlem + T2L i N2me)
+{2KA% + [(m2L, — T1L00n) + (ML, — Niz,,., )|AY.

min

(6.11)

Comparing (6.11) with (6.9), we see that the optimal cutoff is determined by the
discrete function
(612) f(A) = 2KA? + [(WQme - 7T1me) + (N2Lm,in - Nlem)}A‘

Since K > 0, the value A*, which minimizes the continuous equation (6.12), is

(6.13)

Ar = =200 ) (NVoLimae = N2Linin) + (M2Lmae = T2Limin ) (N1Lmin = N2Linin)
AT2L e = T2Lnin) '

However, considering that 0 < A < Ny, — Nar,_ ..
three cases:

Case 1: A* < 0. In this case, L™ = Lin.

Case 2: A* > Nor . — Nop, In this case, L* = Lyqz-

Case 3: 0 < A* < Noy, .. The function f(A) in our research is
discrete. Usually the optimal A* does not correspond to points in this discrete set.
In this case, we only need to identify two points as follows:

we can identify the following

min *

A; =min{A: f(A) < f(A")}

and

Ay =min{A : f(A) > f(A")}.
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TABLE 1
An example of the experiments with A1 = 0.3, A2 = 0.2, and p = 1.

L Exact method | Approximate method Error
3 0.078103088 0.0781031 1.49418E-07
4 0.031085012 0.031085 3.89899E-07
5 0.012962869 0.0129629 2.39916E-06
6 0.005570972 0.00557097 3.50747E-07
7 0.002444427 0.00244443 1.22033E-06
8 0.001088903 0.0010889 2.50803E-06
9 0.000490679 0.000490678 1.47469E-06
10 0.000223131 0.000223118 5.81318E-05
10
9r —e- - - ety S
L - B e —e
8 F ——— - ~—#—N]1, Lambdal=0. 1, Lambda2=0. 1
; P —8—N2, Lambda1=0. 1, Lambda2=0. 1
7k 1 ‘A' ,-’ ~—#—N]+N2, Lambdal=0. 1, Lambda2=0. 1
X “ ,' = —NI1, Lambdal=0. 8, Lambda2=0. 1
‘ " =—&=—N2, Lambdal=0. 8, Lambda2=0. 1
61 2 y —o —N14N2, Lanbdal=0. 8, Lambda2=0. 1
‘R = # = NI, Lambdal=0. 1, Lambda2=0. 8
o O ——————— = - - 4 - N2, Lanbdal=0. 1, Lanbda2=0. 8
i -t - -~ & - “NI4N2, Lambda1=0. 1, Lanbda2=0. 8
A e e - — e - —@- NI, Lambdal=0. 45, Lambda2=0. 45
A ==~ N2, Lambdal=0. 45, Lambda2=0. 45
‘x b —o- NIN2, Lanbdal=0. 45, Lambda2=0. 45
3rd \ — - NI, Lambdal=0. 3, Lambda2=0. 2
VNN — - N2, Lambdal=0. 3, Lambda2=0. 2
2F¢ A N — - NIN2, Lambdal=0. 3, Lambda2=0. 2
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Fia. 7. Computational results of N1, N2, and N1 + Na.

The optimal value of A, denoted as A**, is given by
A™ = argmin{ f(A1), f(A2)}.

The cutoff L* which corresponds to A** is the optimal solution.

7. Computational results. Before proceeding with the numerical results, we
first investigate the approximate method of calculating H, ,(1). As discussed in sec-
tion 4, for L > 30 an appropriate value of M needs to be used in order to make
Zij\io P, ., as a good estimation of H,_ (1). We conduct a series of numerical ex-
periments using various combinations of A\; and Ay. We employ eight different values
of L (from 3 to 10) in each experiment. The exact results calculated by the method

in [7] are used as benchmarks. After some trial runs, we find that Zij\io P, ., can
provide a good approximation of H, (1) if M = 5L. In most of the cases, the errors
are within 0.1%. Table 1 shows a sample of results from these experiments.

Next we focus on calculating N; and N». The results are shown in Figure 7.
We can see that for all cases our model approaches the head-of-the-line case as L
increases. The total number of customers in the system is a constant, while N; and

Ny decrease and increase, respectively.
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TABLE 2
Optimal cutoffs.

L* | Weighted no. of customers

A1 =0.1,2=0.1 3 0.118114

A1 =01, =0.8 5 3.9845

A1 =0.45,12 =045 9 4.39441

A1 =082 =0.1 13 4.47104

A1 =0.1, A2 = 0.88 37 24.0178

A1 =049, 2 =049 | 42 24.2835

A1 =0.88, 2 =0.1 46 24.4654

40

—&— lambdal=0. 1, lambda2=0. 1
—#— Jambdal=0. 8, lambda2=0. 1
lambdal=0. 1, lambhda2=0. 8
20 F —»%— Jambdal=0. 45, lambda2=0. 45
—*—lambdal=0. 1, lambda2=0. 88
—o— lanbdal=0. 49, lambda2=0. 49
15 r —+— lambdal=0. 88, lambda2=0. 1

- Baa -

M © O AN W~ O MO AN 0~ IO MO N ©
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Fia. 8. Computational results of weighted number of customers.

We now present an example which calculates the weighted number of customers
under the case of a linear weight function. We set w2y, , = 0.45 and mp,,,,, = 0.65.
The results are shown in Table 2. We consider seven different combinations of \;
and Ag. In the case of A\; = Ay = 0.1, since A*(= —0.006849) is less than zero,
we have L* = L,,;». The values of A* in all the other cases satisfy the condition
0 < A* <N, — Nop . . and thus different finite optimal cutoffs are obtained as
shown in Table 2.

Figure 8 also illustrates the detailed results. When both A\; and Ay are small
(A1 = A2 = 0.1), the change of the average weighted number of customers is negligible
with a change in the value of L. This is because the system is in an wunsaturated
status, which leads to very little change of N7 and N, values. When either \; or
A2 (or both) increases, the average number of customers becomes much larger than
in the unsaturated case. We focus on the three cases (A\; = 0.1,A0 = 0.8; \; =
0.45, A2 = 0.45; \y = 0.8, \y = 0.1) in which the total arrival rates are the same.
We can see that the optimal cutoff increases as A; increases. Given the condition
that A1 + A\ is a constant, Property 6.2 shows that N7 + N5 is a constant no matter
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what the specific values of \; and Ay are. Thus the increase of A\; causes an increase
in N7 and a decrease in No. More priority-1 customers lead to an increase in the
optimal cutoff value. As the system approaches the saturated status, both Ny and No
increase dramatically. Consequently, the average number of customers also increases
significantly. This causes a sharp increase in the optimal cutoff value.

8. Summary and future work. A two-priority, preemptive, single-server sys-
tem with a queue-length cutoff queueing discipline has been studied in this paper.
This is a generic problem for various applications such as disaster relief and telecom-
munication. Expressions for calculating the number of class-1 customers and the
number of class-2 customers are developed based on a generating function approach.
The method we present does not lead to a closed-form solution, but rather to an
effective numerical approximation.

We have shown that our model reduces to the head-of-the-line model if L = oco.
The total number of customers in the system is shown to be constant with respect to L.
Then we focus on the preemptive resume case, in which N7 and Ny are decreasing and
increasing functions of L, respectively. The weighted average number of customers is
first analyzed for the case where the weights for both queues are constant. We prove
that the optimal policy is to set L* = co. Then the case where the weights change
linearly with the queue lengths is analyzed and a procedure is developed to find the
optimal cutoff. Numerical results illustrate the properties and other results.

There are several possible directions for future work:

(1) In our model, the moment that the number of low-priority jobs hits threshold

L, the server stops working on high-priority jobs entirely. An alternative
threshold policy in which the server is shared when the threshold is reached
should be studied.

(2) For analytical tractability we assumed that the service rate for the high- and
low-priority jobs is the same. The more realistic case where the service rates
are class dependent should be studied.

(3) Another direction of future work is to consider the use of an alternate solution
method, namely, dimensionality reduction for Markov chains. The work of
Osogami, Harchol-Balter, and Scheller-Wolf [9] serves as a useful starting
point.

(4) A further opportunity is in analyzing the multiserver version of our model,
which is closer to reality for a disaster-relief application.

(5) By applying the memoryless property of the exponential distribution it may
be possible to establish Property 6.3 for the preemptive repeat case.

Appendix A. Derivation of (4.1). From (3.10), we get
(A1 +Ag + ) H(w, 2)

L—1 [e’e) oo L—1
= ()\1 + Ao + M) (po + Zpojzj + Zpiowi + Z Zpi]_wiz;j> .
j=1 i=1

i=1 j=1

(A.1)

From (3.1), (3.2), (3.5), and (3.6), the right-hand side of (A.1) can be written as

L—-1 o)
(M A2+ w)py + > (Moo, s + 10,0 + 1D,,) 2 + D> (D10 + AP,y )0
(A.2) o L1 =t =t

+ Z Z()\lpi—l,j =+ )\Qpi,j—l + ,u'pqt+1,j)wizj'

i=1 j=1
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Regrouping the terms in (A.2) according to A\, A2, and p, we have

M+ X+ p)H(w, 2)

00 ) oo L—1 o
=\ (po + Zpl_mwl + Z Zpi_lvjw’zj>
i=1 i=1

oo L—1
+A2<pg+zpog 1Z +Zzp791 >
Jj=

=1 1

oo L—1
p(,+zpw+pu SED WIS ) S ]
j=1

=1

(A.3)

Then we arrange the terms on the right-hand side in (A.3) and obtain

(A1 + A2+ p)H(w, 2)
= NwH (w, 2) + Ao (zH(w, 2) — 2V Hp 1 (w))

L—1

I BoH i [ L—1
+ —H +(=-= E 27+ — —p, + .
w (w,2) (z w) 2 Po; 27 T HPo = Po T HET Por

Equation (A.4) immediately yields

(A.5)
" L L e RN e T B A |
H(w, ) = (w u) Do + doztHp_1(w) + (u) z)ZJ 1 Do, 7 — pz pOL'
/\1w+)\22—(/\1+)\2+u)+5

Appendix B. Derivation of (4.2). From (3.11), we get

(A1 + A2 + p)G(w, 2)

()\1+)\2+u (pOLZ —|—Zp1Lw12;L+ Z pOJZJ+Z Z pvjwizj>.

j=L+1 i=1 j=L+1

(B.6)

From (3.3), (3.4), (3.7), and (3.8), the right-hand side of (B.6) can be written as

i

ZL(/\2po,L71+ HDo, 141 + up, . )+ ZLSZ()\lpi—l,L + )\2pi,L—1 + HPitq,1 + HD; pyq )w
(B.7) !

oo o0

o0
+ Z (>\2p01j—1 + /u’p0,.7‘+1)zj + Z Z (Alpz—l,j + /\2p7‘,,j—1 + upi,j+1)wl'z]'
j=L+1 i=1 j=L+1
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Regrouping the terms in (B.7) according to A1, Ag, and u, we have
(A1 + A2 + 1)G(w, 2)

= \w szl LW w1 +Z Z [y w1l

i=1 j=L+1
L— 1 L-1
B.S + A2z | 2 pOL T Z Do, 1Z] +z ZpLL W
( : ) j=L+1
0o 00 1 00
i ,J—1 L+1 41
+Z Z pi,j—lwzzj + ; zt (po,L+1 +p1L) + Z po,j+1zj+
i=1 j=L+1 j=L+1

L+1Z Divrp +Dipir )0 +Z Z Piypi W0 wizd Tl

i=1 j=L+1

Then we arrange the terms on the right-hand side in (B.8) and obtain

(A1 + X2+ p)G(w, 2)
= MwG(w, 2) + Ao2G(w, 2) + Xoz"Hp,_1(w)

(B.9)
+ gG(w,z) + 2L [,u <_iHL(w) + ;HL(UJ)) - Zp“}

Equation (B.9) immediately yields

|:A1’w + oz — (A1 + A+ p) + Z} G(w, z)

(B.10) .

= o[t 4 (- 1) Huw)+ 2, |

Acknowledgment. The authors are grateful for constructive comments from
two anonymous referees that led to a much tighter presentation of the results.

REFERENCES

[1] N. M. AL-MoMANI AND J. R. HARRALD, Sensitivity of earthquake loss estimation model: How
useful are the predictions?, Internat. J. Risk Assess. Management, 4 (2003), pp. 1-19.
[2] 1. D. S. TAYLOR AND J. G. C. TEMPLETON, Waiting time in a multi-server cutoff-priority queue,
and its application to an urban ambulance service, Oper. Res., 28 (1980), pp. 1168-1188.
[3] C. ScHAACK AND R. C. LARSON, An N-server cutoff priority queue, Oper. Res., 34 (1986),
pp. 257-266.
[4] C. ScHAACK AND R. C. LARSON, An N server cutoff priority queue where arriving customers
request a random number of servers, Management Sci., 35 (1989), pp. 614-634.
D. Gross AND C. M. HARRIS, Fundamentals of Queueing Theory, Wiley, New York, 1998.
[6] D. R. MILLER, Computation of steady-state probabilities for M /M /1 priority queues, Oper. Res.,
29 (1981), pp. 945-958.
C. KNEssL, D. I. Cuor, AND C. TIER, A dynamic priority queue model for simultaneous service
of two traffic types, SIAM J. Appl. Math., 63 (2002), pp. 398-422.

Q. GONG, Responding to Casualties in a Disaster Relief Operation: Initial Ambulance Allocation
and Reallocation, and Switching of Casualty Priorities, Ph.D. dissertation, Department of
Industrial and Systems Engineering, University at Buffalo (SUNY), Buffalo, NY, 2005.

[9] T. OsocaMl, M. HARCHOL-BALTER, AND A. SCHELLER-WOLF, Analysis of cycle stealing with
switching cost, in Proceedings of the 2003 ACM SIGMETRICS International Conference on
Measurement and Modeling of Computer Systems, San Diego, CA, 2003, pp. 184-195.



SIAM J. APPL. MATH. (© 2006 Society for Industrial and Applied Mathematics
Vol. 67, No. 1, pp. 116-137

FLAME BALLS FOR A FREE BOUNDARY COMBUSTION MODEL
WITH RADIATIVE TRANSFER*

JAN BOUWE VAN DEN BERGT, VINCENT GUYONNE?!, AND JOSEPHUS HULSHOFT

Abstract. We study radial flame ball solutions of a three-dimensional free boundary problem
(FBP), which models combustion of a gaseous mixture with dust in a microgravity environment.
The model combines diffusion of mass and temperature with reaction at the flame front, the reaction
rate being temperature dependent. The radiative flux due to the presence of dust enters the equation
for the temperature in the form of a divergence term. This flux is modeled by Eddington’s radiative
transfer equation. The main parameters are the dimensionless opacity and the ratio of radiative
and thermal fluxes. We prove existence of spherical flame ball solutions for the FBP. Bifurcation
diagrams are obtained, exhibiting the multiplicity of solutions. Singular limit cases of the parameter
values are also discussed.
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1. Introduction. Combustion processes in gaseous mixtures exhibit a variety of
phenomena, such as propagating flame fronts, and, in zero- or microgravity situations,
flame balls. The latter are perhaps harder to observe, but the advantage is that they
are stationary. From a mathematical point of view they are easier to understand,
namely as equilibria rather than traveling wave solutions of the mathematical models
used to describe the combustion processes. From a physical point of view, because
of the force and speed of the reaction, it is hard to do controlled experiments on
flame fronts, whereas the combustion is much less violent in flame balls, which can
be observed for prolonged periods of time at the cost of having to transfer the exper-
iment to a microgravity environment. In any case, the high costs and experimental
difficulties in combustion research highlight the need for a thorough understanding of
the mathematical models.

Since the work of Zeldovich et al. [1], flame balls are known to exist for models
of combustion with simple chemistry, such as a one step reaction in which a gaseous
reactant is converted into a gaseous product. Figure 1 is a sketch of a flame ball in
the nonradiative case. Note that, in this particular situation, the temperature 6, in
the burnt region is constant inside the ball. In this model, commonly referred to as
the adiabatic case, flame balls are linearly unstable, in apparent agreement with the
absence of experimentally observed flame balls. That was, until 1984, when Ronney
discovered, by surprise, the existence during drop tower experiments of physical flame
balls, later confirmed by experiments in the space shuttle [2, 3]. Since then, several
effects have been taken into account in combustion models to explain stabilization of
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Reaction zone

fuel mass
fraction

temperature

R radius r

Interior filled with combustion
products \ Fuel and oxygen diffuse inward

Heat and products diffuse outward

Fic. 1. Profile of the temperature and the mass fraction variables in the adiabatic case. The
radius of the flame ball is denoted by R, corresponding to the flame front.

flame balls, particularly (radiative) heat losses from the combustion products inside
the flame ball. We refer to [3] and references therein; see also the SOFBALL (structure
of flame balls at low lewis number) home page [4].

In fact, the radiative transfer of heat in combustion processes taking place in inert
not fully transparent media (e.g., dust, porous media, ...) involves both emission and
absorption of radiation and may significantly influence the flame temperature (see
Figure 2), its propagation speed, and the flammability of the medium itself. This
occurs, for instance, in forest fires and fires in confined spaces such as tunnels, and
the importance of radiative transfer has been noted and stressed in [5, 6, 7]. In this
paper, we concentrate on the effects of radiative transfer on flame balls.

There are two common formulations for modeling combustion processes: the
reaction-diffusion and the free boundary formulation. Although both formulations
are widely used in the combustion literature, the relation between the two approaches
has so far largely been based on numerical simulation and heuristic arguments.

The basic thermo-diffusive model of combustion with simple chemistry is a reaction-
diffusion system (RDS) that is written as

1
(1a) Yi =AY - YF(0),
(1b) 6, = A0+ Y F(0),

where Y denotes the mass fraction of the reactant, # the temperature, and Le the
Lewis number (ratio between conductivity and diffusivity). The function F' is an
Arrhenius-type reaction rate involving a small parameter ¢ which is the inverse of the
activation energy. The Arrhenius law is often modified by the choice of an ignition
temperature, below which the reaction rate is taken to be zero. In this framework,
(linearly) unstable flame balls are known to exist. For Lewis number close to unity,
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Fic. 2. Difference of temperature profiles in the adiabatic and in the radiative case.

the growth of the radius has been described using an integro-differential equation
derived formally by Buckmaster, Joulin, and Ronney [8] and rigorously validated by
Lederman, Roquejoffre, and Wolansky [9].

When one assumes that the flame occurs in a very thin region, it is quite natural
to define a free boundary problem (FBP). Its derivation from the RDS formulation
has been justified formally in [10] under the assumption of high activation energy.
Its validity is also confirmed by numerical simulations on the RDS, and its great
advantage is that several analytical aspects are simpler to treat. The FBP reads as
follows:

(2a) Y, = imz for & R(1),

(2b) 6, — AG for = ¢ R(1),

with

(20) =Y =0, )= -[¥,]=F(6), foreeR),

where R(t) represents the location of the free boundary (the flame front) and brack-
ets denote jumps across the free boundary (in the direction of the normal n). The
mass flux into the flame is balanced by (reaction) heat flux coming out of the flame,
with a (predominantly) temperature dependent reaction rate. Note that at the flame
front we impose the condition that ¥ = 0. Usually, one imposes only that the jump
[Y] = 0, silently assuming that Y = 0 on the burnt side of the flame front. Without
such an assumption, the FBP formulation with [Y] = 0 instead of Y = 0 is underde-
termined. As an FBP this model should not be confused with the well-studied model
for nearly equidiffusional flames (NEF), which was derived by Sivashinsky by means
of an asymptotic analysis, in which he coupled the deviation of the Lewis number
from unity to €, the inverse of the activation energy (see [11, 12]), and derived what
is now known as the Kuramoto—Sivashinsky equation.



FLAME BALLS WITH RADIATIVE TRANSFER 119

The remaining step is to incorporate a model for the radiative effects. The first
models developed by Buckmaster, Joulin, and Ronney [8, 13] and Shah, Thachter, and
Dold [10], for example, are based on rather ad hoc heat loss assumptions (whereas
in the present paper we will consider a more thorough radiative transfer model). We
would like to recall at this point some results obtained in this context. In [8], heat
losses are assumed to occur in the volume enclosed by the flame sheet only. In this
framework two stationary solution branches exist, corresponding to small and large ra-
dius. Concerning the ensuing stability issues, the authors showed that, provided that
the Lewis number is less than unity, all small flames are unstable to one-dimensional
(radial) perturbations. Large flames are unstable to three-dimensional perturbations,
but only if they have a radius greater than some critical value. Thus there is a band
of large flames, lying between the quenching point and unstable flames, that are sta-
ble. In [13], the authors extend this result by including the effects of heat loss in
the far field (unburned gas), and they conclude that far field losses do not qualita-
tively change the (stability) properties of the solutions. Finally, in [10], flame balls
are studied in a porous medium that serves to exchange heat with the gas, and two
heat loss models are considered. One of these treats the heat loss as being constant
in the burnt region and linear in the unburned region. The other does not distinguish
between burnt and unburnt gas and is based on a (nonlinear) Stefan’s law. For both
heat loss models, the authors find, again, two branches of solutions of small and large
flame balls, respectively. For Lewis number greater than unity the solutions are un-
stable, while at Lewis number less than unity part of the branch of large flame balls
becomes stable, solutions with the nonlinear radiative law being stable over a smaller
range of parameters. The stable parameter region increases when the heat capacity
of the porous medium is increased. It is clear from the considerations in [8, 10, 13]
that the stability properties depend strongly on the Lewis number. More details and
a comparison with our model can be found in section 4.

In this paper, we would like to go one step further in the description of the
radiative effects and introduce a physically more realistic radiative transfer model.
Let us start with a microscopic description of the radiative transfer, which is given
by the equation

I +Q-VI=0(B(v,0)—1I),

where I = I(z,t,Q,v) is a total radiative intensity, = the position, ¢ the time,
the direction of emission vector, v the frequency, o the opacity of the medium, and
B(v,0) the Planck distribution: B(v,0) = 2}25’3 (exp(%) — 1)~ Since numerical
simulations of this model are very cumbersome, radiation is most commonly described
by simplified models, such as the (Milne—)Eddington diffusion equations, valid in the
limit of isotropic radiation; the Rosseland model, valid for high opacity media; or the
optically thin model, valid for nonabsorbent media [14, 15].

In this paper we adopt the Eddington diffusion model [14, 15, 16, 17, 18, 19],

namely,

(3) ~V(V - q) +3a%q = —aVe?*,

where ¢ is the radiative flux. Thus, the radiative effects are a direct consequence
of temperature variations. Following Joulin and Buckmaster and coworkers [5, 6, 7],
these radiative effects couple back to the temperature equation, in which the diver-
gence of the radiative flux appears with coupling constant 3, the Boltzmann constant.
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Thus (8 is a measure of the ratio between the radiative and the diffusive flux. For
flame fronts, this extended model was proposed and studied in [5, 6, 7], and in [20, 21].

In this paper we study equilibria of the resulting FBP in the radially symmetric
case, i.e., steady spherically symmetric flame balls. If we set r = |z|, we may thus
write the Laplacian operator as A = 0, + %&, so that the problem can be viewed as
a system of ordinary differential equations. Hence, throughout the paper all functions
depend on the radial coordinate r only, and they all have zero derivative at r = 0.
To make the mathematical analysis easier, we do not use the vector equation (3) but
work with the scalar equation

—Au+ 3a’u — alg* =0,

where —u = V - ¢, the divergence of the radiation flux as it appears in the modified
temperature equation. This equation is nonlinear and therefore does not allow us to
compute explicit solutions for the full problem defined below. On the other hand, if
one considers 6 instead of 64, i.e., the “linear” problem, one can write down explicitly
the solution, and in section 4 we compare the solutions of the linear and nonlinear
equations. The FBP reads

1
(4a) EAY =0 for r # R,
(4b) —Af0—Pu=0 for r # R,
(4c) —Au+ 3a%u — aAd* = 0.

Equation (4c) is satisfied in the whole space in the sense of the distributions (and
classically for r # R). The jump conditions at r = R are

1

(4) o=v=0, —l6]=c

[Yr] = F(0(R)),
with u being continuous, while the size of the jump in wu, follows automatically
from (4c) and (4d). The asymptotic boundary conditions are

(de) Y=Yy 60—0; u—0 asr— oo

The parameters ; and Y; denote the temperature and the mass fraction far away
in the fresh region. We recall that R is the free boundary variable corresponding to
the flame front, and that F'(6(R)) is the reaction rate evaluated at » = R. Note that
we will not specify the reaction rate and work only with general reaction rates F'.
The reason is that, to prove existence properties, we need to know only that F' is a
positive function of the temperature at the flame front. The main result of this paper
is the following.

THEOREM 1 (existence). Let o >0, 8> 0, let F be continuous and positive, and
let 8y > 0, Yy > 0. Then there exists o radial solution (6(r),Y (r),u(r),R) to (4).
Moreover, for generic choices of the parameters the number of solutions is odd.

Let us briefly outline the method of the proof. We first observe that the FBP
formulation, with the Arrhenius law acting only on the flame front, allows us to
decouple (4a) for Y from the two others, (4b) and (4c). The only bounded function
Y which solves (4a) and satisfies Y =0 at r = R and Y — Y} as r — oo is given by

0 for r < R,
(5) Y(r) = {Yf (1 — %) for r > R.
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Here R is still unknown. We now drop one of the free boundary conditions, namely
the last equality in (4d), and solve the problem with R as a parameter. In other words,
we drop the reaction rate and fix R. The next theorem provides us with a unique
solution of the resulting reduced problem, parameterized by the now prescribed flame
ball radius R.

THEOREM 2 (uniqueness and existence for R fixed). Fiz R > 0 and let o > 0,
8 >0,0f>0,Y; >0. Then there exists a unique solution (Or(r),Yr(r),ur(r)) to
(4), with 6 > 0.

To prove this theorem, we will first decompose the temperature as 6 = 6, + w,
where 6, is an adiabatic profile with an arbitrary fixed radius R. Because we seek
radial solutions, we can explicitly compute 6, namely,

(6) Gh:9f—|—%min (1,?).

Then we show that w satisfies a nonlinear elliptic equation defined on all R. Thus
0y, is the temperature component of the solution of the reduced problem with given
R, in the case that 8 = 0. The subscript h stands for “homogeneous,” because 6},
is the solution of the homogeneous part of (4b) which satisfies the jump condition.
The other part w in the splitting will then be the solution of the full inhomogeneous
equation (4b), which is smooth (i.e., [w] = [w,] = 0) across r = R. Hence w satisfies
the equation —Aw = u globally, just as u solves (4c) globally, in the sense of the
distributions. To solve this equation, we consider the problem on a bounded domain,
more precisely on a ball B, = B(0,p) C R3, with p > R large. Using sub- and
supersolution arguments, one obtains a solution on the bounded domain. Then we
let p — oo, and, by a diagonal process, this leads to a solution on R®. Uniqueness is
proved using classical arguments (see section 2 for details).

Remark 1. We consider only positive 8; the solution 0 (r) depends continuously
on R, and g is bounded between 6 and 0 + %

Going back to the proof of Theorem 1, we need to find a value of R for which
Or(r) satisfies the final free boundary condition in (4d). As we know Y explicitly, we
are left with one “algebraic” equation,

(7) L= = F(Or(R)).

Thus the reaction rate F' plays a role in the analysis only at this final stage. From
Figure 3 we can easily see that (7) has at least one solution (see section 2 for more
details). This ends the proof of Theorem 1.

Remark 2. When solving (7), one can easily see from Remark 1 and Figure 3 that
the radiative radius R,,q is bounded between two values. If the reaction rate F' is an
increasing function of the temperature, as is usually the case, the lower bound on the
flame radius is given by the adiabatic or Zeldovich radius Rzelq = %W (i.e.,

the radius in the absence of radiative effects; see section 2 for more details), whereas
1

F(07)

In section 3 we exam(irfe) limit cases of problem (4). The cases & — oo with 3 fixed,
and a — 0 (or transparent limit) lead to the adiabatic case and are the easiest to
justify. A more subtle analysis is needed to treat the cases § — oo (large Boltzmann
limit) and o — 0 supposing a8 = x fixed (transparent limit combined with large
Boltzmann numbers). In the large Boltzmann limit, we prove that the temperature
profile converges to a constant profile, namely to the fresh temperature d;. On the

the upper bound is %
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F1G. 4. Bifurcation curves exhibiting turning points: (a) with 8 used as bifurcation parameter;
b) with Yy as the parameter.
f

other hand, in the transparent limit combined with large Boltzmann numbers, the
temperature profile does not converge to a constant profile, but to a radiative one (cf.
Figure 2).

Finally, in section 4 we compare the analytic expressions in the asymptotic limits
to numerical computations for the full problem. We also make a comparison with
analytic calculations for a “linearized” system; see section 4.1 for details. As an
example, in Figure 4(a) we depict a typical bifurcation diagram, where 3 is used as
the bifurcation parameter. For a range of parameter values there are three distinct
flame ball solutions (for the adiabatic (nonradiative) problem there is always only one
solution). Examining the corresponding solution profiles, the upper branch turns out
to be physically irrelevant, since the temperature profile is almost identically equal to
;. In Figure 4(b) the fuel mass fraction Y in the fresh region is used as a bifurcation
parameter. Again, multiple solutions are obtained, on two disconnected branches.
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2. Existence of solutions. In this section we sketch the arguments that lead
to Theorem 2 and subsequently to Theorem 1. All remaining details of the proofs are
provided in the appendix. We recall that in order to fix R, we consider problem (4),
and we drop the equation involving the reaction rate F in (4d). The expression for Y’
is of course given by (5). Theorem 1 follows immediately from Theorem 2 when we
combine it with the fact that the algebraic equation (7) has a solution.

To begin with, we reduce (4b) and (4c) to one elliptic equation. To do this, we
first need to introduce a splitting of the solution # that we are looking for, writing

(8) 0=0F+w.
Here 9,13 is the solution of
(9a) —AGE =0 for r # R,

with jump conditions

0% 1 [oy
Ry __ _ 7}7' = — | — =
(9b) [0;] =0, [ B ] s [ 8r] at r = R,
and the asymptotic boundary condition
(9¢) 0 —60; asr— oo.

We note that (9) can be solved explicitly, where 6/ is given by (6). The advantage of
the splitting (8) is that w must have zero jumps,

[w] = [w,] =0,
and w — 0 as r — oco. Hence it must be a solution of
(10) —Aw = fu

on the whole space in the sense of the distributions.
Next we observe that (4c) implies that

u=a(3a? - A)"tAM,
which expresses u in terms of §* by means of the bounded operator
a(3a® — A)7TA = aA(3a® — A)T

which operates from L> — L°°. Note that the Laplacian and its resolvent commute
because 3a? > 0. Combining this with (10), it follows that

A(w + aB(3a* — A)716*) =0,
whence, since both w and §* are bounded, w + a3(3a? — A)~'6* must be a constant:
w+ af(3a? — A)7lot = C.

Subtracting 9;% from 0* only changes the constant. Moreover, 0% — 9? has zero limit
at infinity (r — 00), a property which is preserved by the resolvent (3a? — A)~!, and
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also w — 0 as 7 — oo. Thus w+af(3a® — A)~'(6* —6}) = 0. Applying (3a® — A)~!
to both sides, we arrive at

(11a) (3a” — A)w + af ((w + 6;))* — 67) =0,
which again should hold globally, with asymptotic boundary condition
(11b) w—0 asr— 0.

We note that w(r) is a solution of a second order ordinary differential equation
(globally). Thus it has zero jumps [w] and [w,] at » = R. We have split the problem
for 6, which was inhomogeneous because of the jump in r = R and the nonzero limit
as 7 — 00, on the one hand, and the presence of Su in (4b), on the other, into two
parts. The first part, 9,?, takes care of the jumps and limits, while the second, w,
corresponds to the inhomogeneous term [u in (4b).

The crucial idea in the existence proof is the above reduction of the system of
two equations (4b) and (4c) to one elliptic equation (11a). Therefore, existence of a
solution pair (6, u) for (4b) and (4c) is equivalent to the existence of a solution w for
problem (11). In order to solve this problem, we first consider (11a) on a ball B, C R3,
with the boundary condition (11b) being replaced by w = 0 on 0B,. Then, using
classical monotone iteration methods, we can prove existence on this finite domain.
Finally, we take the limit p — oo and arrive at the following result.

LEMMA 3. For R fized, there exists a unique solution wr of problem (11) satis-
fying the bound
(12) “Ie min (1,5) <w<0.

The solution wg is C%(R), radially symmetric, monotonically increasing in |x|, and
depends continuously on R.

Thus, this proves Theorem 2 and shows that, omitting the reaction rate from the
problem formulation, there exists for every R > 0 a unique solution triple (8,Y,w)
with # > 0. It remains, in order to prove Theorem 1, to solve (7) with Or(R) given
by Theorem 2. Lemma 3 shows that 8z (R) depends continuously on R. Moreover, in
view of estimate (12), 8y < 0r(R) < Qf—l—%. Hence, Theorem 1 is an easy consequence
of the intermediate value theorem applied to (7). All details of the proof, as well as
additional estimates, can be found in the appendix.

3. Limit cases of the radiative parameters. In this section we examine some
singular limit cases. We recall that we introduced the splitting = 0 + w. Through-
out this section, we consider a pair (fpar, Rpar) depending on some parameters, and
we seek a limit. Let us start by noting the following.

Remark 3. As Rpar lies in a compact set (see Remark 9), one can extract a

subsequence converging to a limit, called R. Along the subsequence, 05"“ converges
to OF (uniformly).

3.1. The limit case a — oo with 8 fixed. The limit @ — oo, § fixed is
usually called the optically thick limit for an opaque medium. In this limit the effect
of the radiation is lost. Indeed, we have the following claim.

LEMMA 4. The solution w of problem (11) converges to zero wuniformly as
a/f — oc.
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As a consequence of this lemma, and in view of (19), the flame ball solution has a
temperature profile that converges to the Zeldovich solution, and also the flame ball
radius converges to the Zeldovich radius as a/ — oo.

Proof. We simply modify the subsolution in the proof of Lemma 9 in such a way
that it pushes the solution obtained in Lemma 3, and thereby w itself, to zero. A
negative constant w is a subsolution, provided

302w + Ba((0F + w)* — 9;%) <0.

This is certainly the case if

Yy Y, 3a

which has a unique solution w € (—%, 0), which is easily seen to converge to zero as
a/f — oo. This completes the proof. d

Remark 4. Note that the limit is the same as the one for « fixed and § — 0, i.e.,
radiative flux negligible with respect to convective flux.

3.2. The transparent limit o« — 0 with 3 fixed. Surprisingly, as opposed to
the traveling wave case (see [20]), this limit also reproduces the adiabatic (Zeldovich)
flames. As in the previous section we have the next claim.

LEMMA 5. The solution w of problem (11) converges to zero uniformly if « — 0
with G fized.

Proof. We have, in view of (12),

—Aw = —3c’w — af ((O0F + w)* — 0;%) —0

uniformly, as @« — 0 and a8 — 0. Also, again because of (12), w is uniformly small
for large r. By the maximum principle for the Laplacian, this implies that w — 0
uniformly as @ — 0 and af8 — 0. ]

3.3. Large Boltzmann numbers 8 — oo with a fixed. With large Boltz-
mann numbers the solution loses its physical meaning because the temperature profile
becomes flat. We have the following result.

LeEMMA 6. For « fized and 3 — oo the temperature profile 0 converges to 0y
uniformly.

Proof. Let us set w,, = wg,, with 3, — oo as n — oo. We are looking for a limit
of the problem

(13) —Aw, = —3aw, — aB((07" +wy,)* — 0}),

with asymptotic boundary condition w, — 0 as |z| — occ.
Writing the weak formulation of (13) and dividing by 3,, we find that, for any
test function ¢ € C2°([0, 00)), in view of (12),

1 1
/((95‘"+wn)4—9;lc)<p:—ﬂ—/3a2wn@+a—/wnAgo—>0 as m — 0o.

n

By the bound (12), the functions

(14) (05 +w,)* — 0}
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are nonnegative. Thus we may conclude that they converge to the zero function in
L} . strongly. Next, we rewrite (14) as

G(ZR" + wn),

where G(€) = (07 +&)* — 0} and Zg(r) = % min (1, £).

Again in view of (12), the variable £ = Zr + w ranges between 0 and Zr. In
this range G’ is positive and bounded away from zero and infinity. Consequently, the
functions Zg, +wy, also converge strongly to zero in L] .. However, Zg, converges if
we restrict to a further subsequence, along which R, converges, not only in L{. . but
also in L.

We claim that for any sequence R,, bounded away from zero and infinity, and
for any sequence (3, — oo, the corresponding solutions w,, of (11) have the property
that 6,, = 9,15’" + w, — 0 uniformly on [0, 00). To prove this, we apply the following
simple lemma.

LEMMA 7. Let f,, and g, be functions on Ry such that

o fu+gn—0in LY(0,p) for all p >0,
o fI' > —C in a weak sense,
e g >0;
then fn + gn — 0 in L*°(0, p) for all p > 0.
Proof. The proof is immediate from the estimate

fn(1) 4+ gn(r) = fu(ro) + gn(ro) — C(r — 1)
if r >rg > 0. 0
This lemma applies to f,, = Zr, and g, = w,, which is monotone by Lemma 3.
As before, we conclude that 6,, — 6 — 0 in L>(R). O

3.4. The transparent limit combined with large Boltzmann numbers:
a — 0 with a8 = x fixed. Finally, we consider the limit « — 0, a8 = x > 0
fixed, which was also treated in the traveling wave context; see [20, 21]. We show
that in this limit solutions of the radiative transfer problem converge to solutions of
a radiative heat loss problem, where 6 solves

A0 —x(0*—07) =0, r#R,
and R is the flame radius of the limit solution. This will follow along the same lines
as in the previous sections from the following.

LEMMA 8. In the limit « — 0 with a8 = x > 0 fized, the solution w of (11)
converges along subsequences to a solution of

(15) —Aw + x((0F + w)* —0;%) =0,

with w — 0 as r — 0.

Proof. In view of the a priori bounds on w and on R, and in view of Remark 7,
we know that w, w’, and w” are (uniformly) equicontinuous on bounded balls. This
suffices again to conclude that, as o — 0, a subsequence converges in C?(B,), for any
p > 0, to a solution of (15). As before, a diagonal process finishes the proof. ]

Remark 5. In this limit w remains nontrivial in the sense that it does not coincide
with one of the bounds in (12). Thus, in the limit we will have a bifurcation diagram
given by

Yy Yy
= _F i
Lok (9f + Lo + w(R)) ,

and the right-hand side truly depends on R.
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4. Numerical calculations. In this section we examine the flame balls numer-
ically. We will compare the outcome of the computations with analytic formulas for
the “linearized” problem, which we present below.

4.1. Analytic solutions for the linear case. In this first part, we derive a
bifurcation diagram equation for the linear case. Namely, we still consider problem (4),
except that (4c) is replaced by the linear equation
(16) —Au+ 30%u — aAf = 0.

We can compute explicit formulas for the temperature 6 and the variable u. To
simplify the notation we introduce

1= o = /302 + b,

Then
B
— sinh(ur) + Bs + 05 for r < R,
r

% exp(—pur) + Bi—R +0f for r > R,

apBYy afYy 3a’Yy
_ _ B, = h Bs = .
1 Le,u?’ EXp( :U/R)a 2 Le‘ug S (:U’R)a 3 Le/,LQ
The expression for u is
B 2
_ 2 sinh(ur) for r <R,
Or
U(T) - B 2
- ;:f exp(—pr) for r > R.

Finally, the equation that fixes the flame radius R, and that determines the bifurcation
diagrams, reads

afYy “ouRy | Yy Yy
1 F(2P2 1 ouR — 2R 4 L -
(a7 <2M3LeR (L=2uR— e+ o4 0r ) = 1o

4.2. Bifurcation diagrams. Let us turn to the numerical investigation of the
problem. Since we know from Theorem 1 that a solution is uniquely determined by
its flame radius R, we exhibit diagrams in which the flame ball is represented by R
along the vertical axis, and the horizontal axis is reserved for a control parameter
such as Yy or one of the radiative parameters o or f3.

We can do numerical simulations only on bounded domains, so we choose a large
ball B, on which we impose Dirichlet boundary conditions, as used in the existence
proof. From the proof of Lemma 3 we know that the solution on the bounded ball B,
approaches the solution on R? as p — oo, and in the numerical calculations we always
make sure that p > R. Since the flame balls are radially symmetric, the problem is
thus reduced to a boundary value problem for an ordinary differential equation, and
we use the continuation software [22] to compute the bifurcation diagrams.
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F1G. 5. Bifurcation diagrams with 8 as the bifurcation parameter for (a) A= 0.1, (b) A=0.3,
(¢) A=0.5, (d) A=40.

We need an explicit expression for the reaction rate. Following the literature,
e.g., [23, 24], we choose a simple Arrhenius law

(18) F(O(R)) = Aexp (—9(13)) ,

where ¢ is a normalized inverse activation energy and A > 0 is the pre-exponential
factor. Next we must choose values for the parameters. Unless mentioned otherwise,
in all computations we take

0p=1, Yy=1, Le=1, =01, A=40, a=10"" p=2

In fact, the parameters Yy and Le appear in the stationary problem only in the
combination Yy /Le, so we will use this ratio as a parameter in what follows.

In Figure 5 bifurcation diagrams are shown with 3 as the bifurcation parameter,
for various values of the pre-exponential constant A. We see that a turning point
appears in the bifurcation diagram as we increase A. Hence, for A sufficiently large
there is a range of values of the Boltzmann number § for which there exist multiple
stationary flame balls. Increasing A corresponds to making the function in the Arrhe-
nius law (18) steeper. In the context of traveling wave solutions (moving flame fronts)
it was already observed (and extensively analyzed) that a steeper Arrhenius law may
lead to turning points in bifurcation diagrams; see [21]. We note that the presence of
turning points is due to the radiative effects being incorporated in the model, since
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Fi1G. 6. Comparison between the nonlinear problem (solid line) and the linearized one (dashed
line) with (a) B and (b) a as the bifurcation parameter.

uniqueness of the adiabatic flame ball implies the absence of turning points in the
adiabatic problem.

Figure 5 also corroborates the study of the limit cases in section 3. In the limit
8 — 0 the flame radius R converges to the Zeldovich radius (the minimal possible
radius); see Remarks 2 and 4. On the other hand, as proved in Lemma 6, in the limit
B — oo the temperature profile converges to ¢, which corresponds to the maximal
radius (see again Remark 2).

To make a useful comparison between the full, nonlinear problem and the “lin-
earized” equation (16) from section 4.1, we need to linearize the term 64 around some
characteristic temperature 0.: 0* ~ 6% +463(0 —0.). Introducing the rescaled variable
4 = Pu, we then arrive at the system

AO+ 1 =0,
Al — 302 + 40803 A0 = 0.

Therefore, solutions of the full problem should be compared to solutions of the lin-
earized problem for B = 48363. Hence, in all figures, for the (dashed) curves repre-
senting the analytic expression (17) for the linearized problem, the scaling factor 463
is taken into account. As the characteristic temperature we simply adopt 6. = 0,
throughout.

In Figure 6 we compare the outcome of the numerical computations on the non-
linear problem with the analytic expression for the linearized one, using both a and
0 as bifurcation parameters. In Figure 6(a) we see that the nonlinear and linear
problems are qualitatively very similar. In the limit 8 — oo we know from Lemma 6
that & — 6 uniformly, so our choice of §. = 0 leads to quantitative agreement for
large . In the adiabatic limit, i.e., 8 — 0, the solution becomes independent of the
radiative effect, irrespective of the equations being linear or not.

Figure 6(b) is, up to a scaling in the horizontal direction, the same as Figure 6(a).
The reason is that « is so small that o is negligible compared to a3, so that to good
approximation the solution in this parameter regime depends only on the combina-
tion af.

From Lemma 4 we know that for large a the solution converges to the adiabatic
one, and the radius decreases towards the Zeldovich radius. Indeed, when we continue
the bifurcation curve of Figure 6(b) for larger values of o we obtain Figure 7, where
we need three different scales to be able to see the full picture. In accordance with
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FiG. 7. The complete (o, R) bifurcation diagram, on three different scales.
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F1G. 8. Comparison between the nonlinear problem (solid line) and the linearized one (dashed
line) with Yy /Le as bifurcation parameter, depicted at two different scales.

Lemmas 4 and 5, the flame radius R tends to the %m in both limits a — 0

. . Y, .
and a — oo, while it makes an excursion near L—f)ﬁ(m in between.

In Figure 8 we employ Yy /Le as the bifurcation parameter. For Yy /Le sufficiently
large there are again three solutions, and we need to examine two different scales
to see them. The linearized problem does not mimic the nonlinear one too closely,
since for large values of Yy/Le the temperature varies too much to be adequately
represented by the characteristic temperature ..

The linear behavior of the curves in Figure 8 can be understood from the fact that
« is chosen very small. In this asymptotic regime it is not hard to calculate the slopes

for the linearized problem. In fact R ~ Ci%, where the two slopes C 5 in Figure 8(a)
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F1G. 9. The global picture of the (Yy/Le, R) bifurcation diagram. Note that there is a branch
of solutions (almost) coinciding with the horizontal axis.

are approximately given by the two largest solutions of F’ (ﬁc “14+04) = C1, while

the slope C3 in Figure 8(b) is approximately equal to A~!. Of course, the reason
we can determine these slopes is that we have the explicit expression (17) for the
bifurcation curve in the linearized problem. For the nonlinear problem, determining
the slopes is an exercise in asymptotic analysis that falls outside the scope of this
paper. Note that near the origin the slope is given by F(6 f)_l for both the linearized
and the nonlinear problem.

Finally, while Figure 8(a) suggests that there are two disconnected solution bran-
ches, the global bifurcation diagram depicted in Figure 9 shows that these branches
are in fact connected to each other for large values of R and Yy /Le.

The multiplicity of flame ball solutions, also found in heat loss models [8, 10, 13],
leads to questions about stability, which we intend to study in future work. As in
the heat loss case, it is in these stability issues that the Lewis number, which plays a
somewhat subdued role in the analysis of the stationary problem, will be crucial.

Multiplicity of solutions and stability in the heat loss case are discussed in the
introduction. At this point we would like to make some comparisons with our results
using the Eddington equation for radiative transfer. One may notice that for some
range of parameter values there are three branches of stationary solutions, compared
to two in the heat loss models; see, for example, Figure 5. Here one needs to keep in
mind that for large R (i.e., the extreme part of the upper branch) the temperature
profile is almost flat and therefore does not correspond to a physical flame ball. On
the other hand, near the turning point, there are truly three stationary flame balls,
of which we expect the middle one (see also Figure 6) to be stable, at least in some
range of the parameters. In the bifurcation diagram in Figure 8 we may also expect
stability of the middle branch. Detailed analysis of stability is the subject of current
research. Some preliminary instability results have been obtained in [25].

5. Conclusion. Radiation can significantly influence combustion processes. In
this paper we investigate a free boundary model for combustion in a gaseous mixture,
where we couple the usual diffusion equations to the radiation field. The radiation
itself is described by the Eddington equation, which models radiative transfer in a
dusty medium under (near) isotropic conditions. This model thus incorporates both
emission and absorption of radiation, in contrast to the usual simplified heat loss
models; cf. [5, 10]. Mathematically, this leads to the addition of an elliptic equation
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describing the radiation field, which is coupled to the (parabolic) diffusion equations.

In this context we prove the existence of radially symmetric stationary solutions,
or flame balls, which are physically observed in microgravity environments [3]. We
find that a solution exists for any combination of the parameters in the model. Since
we consider a free boundary model, determining the radius of the flame is part of the
problem. Our strategy is to split the analysis into two parts. First we fix the free
boundary and solve an elliptic problem on a fixed domain. Subsequently, we solve the
remaining algebraic equation to select the correct flame radius.

Having proved the existence of stationary flame balls, we then turn our atten-
tion to asymptotic regimes of the radiative parameters, namely the opacity « of the
medium and the Boltzmann number 3. In both the limits & — 0 and o — oo we re-
cover the adiabatic (nonradiative or “Zeldovich”) flames. The same limit is obtained
in the limit  — 0, whereas when 8 — oo the temperature profile becomes flat. The
limit @ — 0, § — oo with fixed af3, leads to a nontrivial limit problem with a truly
radiative asymptotic profile.

Finally, by using numerical computations and by examining analytically a “lin-
earized” problem, we investigate the multiplicity of solutions (for fixed parameter
values). We find large parameter regimes where multiple stationary flame balls exist.
This of course raises interesting stability questions, which we plan to address in a
forthcoming paper (extending the work of Buckmaster, Joulin, and Ronney [8] on the
heat loss case). We expect the Lewis number Le, which is of minor importance for
the stationary problem, to play a crucial role in the stability issues for radiative flame
balls.

Appendix. Existence proof. In this appendix we collect the details of the
proofs of the statements in section 2, particularly Lemma 3. We also provide addi-
tional uniform estimates on the function w.

A.1. Existence on a bounded domain. Let us consider (11) on a ball B, =
B(0,p) C R3, the boundary condition (11b) being replaced by w = 0 on 9B,. We
assume p > R.

LEMMA 9. For fixed 0 < R < p, there is a unique solution w of (11a) with
0 =0F+w>0o0nB, andw =0 on dB,. The solution is radial, and as such it
belongs to C2([0, p]) as well as to C*(B,). It satisfies the bounds

Y,
— L min (1,|R> <w<O0.
T

Remark 6. The estimate (12) is independent of the parameters o and 5. It
provides us with a uniform estimate on the decay rate of w towards zero as r — oo.

Proof. We first establish the existence of w. The function w = 0 is a supersolution
of (11a) with zero Dirichlet boundary data, because substituting w = @w = 0 into
(11a), we end up with a8((6f1)* — 63) > 0. On the other hand, the function w =

— 1% min(1, &) is a subsolution: it is negative in 7 = p, and substituting w = w, we
e T

obtain 30w — Aw. The first term is negative, the latter too, but in the sense of
the distributions. More precisely, —Aw is a negative “Dirac” measure supported on
r = R. It is straightforward to mollify w into a family of smooth subsolutions w®
with w® — w uniformly as ¢ — 0, and w® = w outside the interval (R —¢, R+¢). By
standard arguments, e.g., [26], it follows that there is a solution of (11a) with w = 0
in 7 = p which lies between w and w. This solution is obtained using an iteration
argument starting from either the sub- or the supersolution, both of which are radial.
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As a consequence, the constructed solution is also radial. The regularity of w, i.e.,
we C? (B,), follows directly from ODE arguments. In fact the bounded solutions w
of (11a) with w = 0 on 9B, are in C%(B,); see again [26].

If wy and ws are two such solutions, then we set

flz,w) =ap ((w + 9}}?(95))4 — 9;%)
and

_ [ of

c(z) = %(x,twl (z) + (1 — H)wa(z))dt.
0

The function v = w; — wy is a solution of

—Av + (362 + ¢(z))v =0 in B,,
v=10 on 0B,

where ¢ € C(B,). By the maximum principle (see [26]), v = 0 if ¢ is nonnegative.
Thus we have uniqueness in the class of functions w which satisfy w(z) + £ (z) > 0,
i.e., the functions w for which the corresponding temperature profile 6 is positive, and
it is natural to restrict to this class. This completes the proof. 0

Remark 7. Writing (11a) as an ODE, i.e.,

W' = _gw’ + 30w + af((w + 91}3(7“))4 —03),

with initial conditions w(0) = wp and w'(0) = 0, this initial value problem is well-
posed and behaves nicely in terms of continuous dependence on parameters. In par-
ticular, w, w’, w”, and w"’ are uniformly bounded on bounded intervals (for bounded
ranges of a? and af3). Alternatively, to examine regularity, one could proceed from
the PDE (11a) directly using bootstrap arguments and Holder estimates for elliptic
equations; see, e.g., [26].

Remark 8. We emphasize that w is defined for 0 < r < p and that p as well as R
are parameters with 0 < R < p. Thus we write w = wfz

A.2. Solutions on the whole space. In this section we take the limit p — oo
to prove existence of a solution w of problem (11).

LEMMA 10. For R fized, there exists a solution w of problem (11) which satisfies
the bound (12). The solution belongs to C*(R) and is unique in the class of radial and
nonradial functions.

Proof. Take a sequence p,, — 0o as n — 00, and set w,, = wf;l, SO w,, 1s a solution of

—Awy, + 302w, = —af((w, + 0f)* — 9;%) in B,,,
w, =0 on 0B,

as constructed in section A.1. We extend w, to the whole of R® by setting w,, = 0
for r > p,. Clearly estimate (12) continues to hold for wy,.

Now fix some p = p and consider the solutions w,, with p, > p, and in particular
their restrictions to Bp. It follows directly from Remark 7 that w, and its first and
second order derivatives are bounded and equicontinuous. Note that the nonlinear
term in (11) is Lipschitz continuous if w is. Thus, we may extract a subsequence
along which w,, converges in C? (E) Choosing p = 1,2,3, ..., a standard diagonal
argument now produces a subsequence along which w,, converges in C? (Fp) for every
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> 0. It follows that the limit w exists on the whole space, and that it satisfies
la) as well as the bound (12). Clearly w corresponds to a temperature profile
=60 +w > 0 on R3.

Now suppose we have two such profiles. Reasoning as in the uniqueness proof in
Lemma 9, we find that v = wy; — ws is bounded and satisfies

P
(1
0

~Av+ (3a® +¢(x))v =0 inR3.

When v — 0 as |z| — oo (uniformly) the maximum principle implies that v = 0,
provided that the coefficient 3o + ¢(z) of v is nonnegative. Thus we have uniqueness
in the class of solutions w which have w(z) — 0 as || — oo uniformly. |

A.3. Proof of Theorem 1. In the previous section we proved Theorem 2 and
showed that, omitting the reaction rate from the problem formulation, there exists
for every R > 0 a unique solution triple (6,Y,u) with 6 > 0. It remains to solve (7)
with Og(R) given by Theorem 2.

Remark 9. In view of the estimate (12) the flame temperature 0(R) is bounded
between 07 and 6 + % As F' is a continuous positive function, let us define the
positive numbers

min F) and M= max F(9).
96[9f,9f+Yf/Le] 96[9f79f+Yf/Le]

Then any solution of the full flame ball problem must satisfy

Yy 1 Yy 1
(19) LeMSRSLem'

Equation (7) has a left-hand side which goes from +oco to 0 as R goes from 0
to oco. Its right-hand side is bounded between m and M. Thus the existence of the
solution in Theorem 1 is immediate once we know that Remark 1 (about continuity
of Og(R)) is true. More precisely, we have the following claim.

LEmMA 11. If R, — R > 0, then the corresponding functions Og,_ converge
uniformly to Or on [0,00).

Proof. Clearly this will follow from the same statement for wg, where wg is the
solution of (11) obtained in Lemma 3. In view of the bound (12), uniform convergence
on bounded subsets implies uniform convergence on [0,00). By exactly the same ar-
guments as in the proof of Lemma 3 in section A.2, it follows that along a subsequence
of n — oo, wg, (as well as its first and second order derivatives) converges uniformly
on any bounded interval to a solution of (11) satisfying (12). Since this solution is
unique, it follows that wgr, — wg along this subsequence. In fact, every sequence
of n — oo has a subsequence for which this is the case. But then there cannot be a
sequence of n for which ||{wg, — wg||e is bounded away from zero. This completes
the proof of Lemma 11 and thereby of Theorem 1. 0

Remark 10. Instead of using this sequence argument, one could also invoke an
implicit function argument to conclude that R — 0g(R) (or R — wg(R)) is smooth.
Furthermore, assuming the derivatives of the left- and right-hand sides of (7) to be
different at solutions, it follows immediately that the number of solutions is odd. This
is the statement that in general situations the number of solutions is odd.

A.4. Uniform estimates. As we have seen, solutions of the flame ball problem
are given by 6 = 0F + wp, where R is such that (7) holds, and where wg is a C?-
function (of course, 6f is not). Moreover, wg satisfies (11). In this section we show
that w is monotone in 7.
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LEMMA 12. The solution w = wg of (11) has w’ > 0.
Proof. w solves

2
(20) - ;w’ =g(r,w) = —3c*w — af3 ((w + 9;?(7"))4 - 9?) ,

where g satisfies

Jg dg
- - >
” <0 and " 0,

the latter being discontinuous in r = R, of course, but with limits existing from both
sides. Moreover, w’(0) = 0 by symmetry.

If w’ is negative somewhere, then there must be points r; and ry such that
w'(ry) = w'(ry) = 0, while w’ < 0 on (r1,r2). This follows from w’(0) = 0 and
0> w(r) —0asr— oco.

Clearly then g(ri,wi(r1)) = —w”(r1) > 0 and g(re,wi(r2)) = —w”(re) < 0,
contradicting
d dg 0Og ow
_ = — _— . I:l
drg(r,w(r)) or T owar ~ 0 on(rrs)

LEMMA 13. There exists a constant C depending on o and a3 such that
oo
/ w'(r)dr < C.
0

Proof. Multiplying (20) by w and integrating from r1 to 7o (0 < r1 < 79 < 00),
we obtain
T2 T2 2 T2
—/ w”wdrz/ ;w'wdr—k/ g(r, w)wdr,
T1 T1 T1

T2

so that
T2 T2
/ |w'|2dr +w'(r)w(ry) = w'(re)w(rs) + / “w'wdr + / g(r,w) wdr.
r1 1 r T1

Letting 1 — 0 and using w’ > 0, w < 0, it follows that, also using (12),

/ lw'|?dr < / g(r,w(r)) w(r)dr < C,
0 0

where C is a constant depending linearly on o and a3, but not on 7. This proves
the claim. O

Going one step further, we get the following.

LEMMA 14. w belongs to H?(0,00).

Proof. Multiplying (20) by —w" and integrating from r; to 7o, we find

T2 T2 2 2
/ lw”|?dr + / —w'w"dr + / g(r,w)w"dr = 0.
T

1 1 T1
Hence, with, e.g., 71 = 2,

/ |w”|2dr<</ w’er) (/ w”|2dr>
2 2 2
+(/ g(r,w<r>>2dr) (/ w"|2dr)
2 2
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In view of (12), (20), and Lemma 13, we conclude that

/ |w"|?dr < C,

2

where C depends on a? and /3. The fact that w is C? implies that also fooo lw”|? is
bounded. Lemma 13 and inequality (12) finish the proof. a

Remark 11. If we consider the problem in R3, one can easily check that w belongs
to W2P(R3) if p > 3.
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SPATIAL SPREAD OF RABIES REVISITED: INFLUENCE OF
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Abstract. We consider the spatio-temporal patterns of disease spread involving structured
populations. We start with a general model framework in population biology and spatial ecology
where the individual’s spatial movement behaviors depend on its maturation status, and we show
how delayed reaction diffusion equations with nonlocal interactions arise naturally. We then con-
sider the impact of this delayed nonlocal interaction on the disease spread by revisiting the spatial
spread of rabies in continental Europe during the period between 1945 and 1985. We show how the
distinction of territorial patterns between juvenile and adult foxes, the main carriers of the rabies
under consideration, yields a class of partial differential equations involving delayed and nonlocal
terms that are implicitly defined by a hyperbolic-parabolic equation, and we show how incorporating
this distinction into the model leads to a formula describing the relation of the minimal wave speed
and the maturation time of foxes. We show how the homotopy argument developed by Chow, Lin,
and Mallet-Paret can be applied to obtain the existence of a heteroclinic orbit between a disease-free
equilibrium and an endemic state for the spatially averaged system of delay differential equations,
and we illustrate how the technique developed by Faria, Huang, and Wu can be used to establish
the existence of a family of traveling wavefronts in the neighborhood of the heteroclinic orbit for the
corresponding spatial model.

Key words. time delay, nonlocal, reaction, reaction diffusion, traveling waves, fronts, stability,
structured model, disease modeling, minimal wave speed

AMS subject classifications. 34C25, 34K15, 34K18, 35K55

DOI. 10.1137/060651318

1. Introduction. Spatial movement and reaction time lag are certainly two in-
trinsic features in biological systems; their interaction seems to be one of the many
factors for possible complicated spatio-temporal patterns in a single species popula-
tion without an external time-dependent forcing term. Modeling this interaction is
nevertheless a highly nontrivial task, and recent progress indicates diffusive (partial
or lattice) systems with nonlocal and delayed reaction nonlinearities arise very natu-
rally. Such systems were investigated in the earlier work of Yamada [34], Pozio [24, 25],
Redlinger [26, 27], and the modeling and analysis effort in the ground-breaking work
by Britton [3], Gourley and Britton [9], Smith and Thieme [28] marked the begin-
ning of the systematic study of a new class of nonlinear dynamical systems directly
motivated by consideration of biological realities [10, 11].

This new class of nonlinear dynamical systems can be derived from the classical
structured population model involving maturation-dependent spatial diffusion rates
and nonlinear birth and natural maturation processes. More specifically, if we use
u(t, ) to denote the total number of matured individuals in a single species population
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and if we assume the maturation time is a fixed constant 7, then we have

0 02 )
(11) &u(tw) = D@u(th) - du(t7x) +j(t7T7 1’),

where D and d are the diffusion and death rates of the adult population (that are
assumed to be age-independent), and j(¢, 7, z) is the maturation rate that is given by
the rate where an individual was born exactly time ¢t — 7 ago in all possible spatial
locations but moved to the current position z upon maturation. This maturation
rate is thus regulated by the birth process and the dynamics of the individual during
the maturation phase. In the work of So, Wu, and Zou [29], this is derived from the
structured population model

0 o\ . 0% . .
(1.2) (a + %)j(t,a,x) = D[@](t,a,x) —drj(t,a,x)

for the density j(¢, a,x) of the immature individual with a € (0, 7] as the variable for
age, subject to some (spatial) boundary conditions (if the space is bounded) and the
following (age) boundary condition:

(1.3) J(t,0,2) = b(u(t, z)),

where b is the birth rate function that is assumed to be dependent on the matured
population, and D; and d; are the diffusion and death rates of the immature individual
(these rates are allowed to depend on the age a in [29]). The maturation rate j(t, 7, x)
can be obtained by solving the linear hyperbolic-parabolic equation (1.2) subject to
the boundary condition (1.3). In the case of unbounded one-dimensional space, we
have

(1.4) jt7x) =7 /R b(ult - 7,9)) f (& — y)dy.

In other words, the maturation rate at time ¢ and spatial location x is the sum of the
birth rate at time ¢ — 7 at the spatial location y, times the probability f(z — y) of
the individual moved from y to the current position x, and then times the survival
rate e~%7 during the entire maturation phase. Incorporating (1.4) into (1.1), we
then obtain a closed system of reaction diffusion equations with nonlocal delayed
nonlinearity as follows:

2

(1.5) %u(t, x) = D%u(t, x) — du(t,z) + e~ /R b(u(t — m,9) f(z — y)dy,

where

For the existence of positive solutions to (1.5) with various initial and boundary con-
ditions, we refer to [19, 33]. Recently, there has been some rapid development towards
a qualitative theory for the asymptotic behaviors of solutions to the above equation
with various types of assumptions on the birth functions. Notably, in comparison
with the ordinary reaction diffusion analogue, we will have more prototypes than the
so-called monostable and bistable cases. See [11].

The analytic form above for f was derived in [29]. It is possible to obtain such
an analytic form here since the dynamical process during the maturation phase is
governed by a linear hyperbolic-parabolic equation with time-independent constant
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coefficients. Such a possibility disappears in an ecological system consisting of multiple
species with age- or stage-dependent diffusion rates when these species interact during
their maturation phases. This is also the case for the spread of a disease even if its main
carrier involves only a single species, since the model describing the infection process
must involve the transfers of individuals from one compartment to another, and some
of these transfers such as the force of infection from the susceptible compartment to
the infective compartment are nonlinear.

We will illustrate the above difficulty and usefulness of modeling the spread of
diseases involving stage-dependent spatial diffusion by considering the spatial spread
of rabies in continental Europe during the period 1945-1985. Our focus is on the front
of the epizootic wave of rabies, starting on the edge of the German/Polish border
and moved westward at an average speed of about 30-60 km a year. This traveling
wavefront has been investigated quite successfully (see [15, 22]), where the minimal
wave speed was calculated from basic epidemiological and ecological parameters, and
compared well with field observation data. It was also noted that juvenile foxes leave
their home territory in the autumn traveling distances that typically may be 10 times
a territory size in search of a new territory. If a fox happened to have contracted
rabies around the time of such long-distance movement, it could certainly increase
the spreading of the disease into uninfected areas. This observation has not been
considered in the existing models. It turns out that incorporating the differential
spatial movement behaviors of adult and juvenile foxes into a deterministic model
yields a much more complicated system of reaction diffusion equations with delayed
nonlinear nonlocal interactions.

More precisely, the celebrated work [15, 22] used a system of a reaction diffusion
equation for the infective, coupled with an ODE for the susceptible foxes—the main
carrier of the disease—under the assumption that the infective compartment consists
of both rabid foxes and those in the incubation stage, and that susceptible foxes are
territorial and thus their spatial movement can be ignored. It was already pointed
out, in both papers mentioned above and their later extensions and further detailed
studies, that the spatial movement behaviors of susceptible juvenile foxes are different
since they prefer to leave their home territories in search of new territories of their
own. How to describe this stage-dependent diffusion pattern of susceptible foxes and
how stage-dependent diffusion affects the spatial spread of rabies are the main focus
of the current paper.

It turns out, as will be shown in section 2, that such a stage-dependent diffusion
of susceptible foxes and the random movement of rabid foxes due to the loss of the
sense of direction and territorial behaviors yield a coupled system of reaction diffusion
equations with nonlocal delayed nonlinearity for the juvenile susceptible foxes M (¢, x)
and total rabies foxes J(t,z). Unlike system (1.5) for a single species population
with simple dynamics during the maturation phase, the coupled system for (M, J)
involves the density of the juvenile foxes S(¢,a,y) for all y € R and the maturation
rate S(¢,7,x) (again, 7 is assumed to be a constant maturation time of the foxes)
and the force of infection that is proportional to the product of J(t, z) fOT S(t,a,x)da.
This density of the juvenile foxes cannot be solved explicitly in terms of M (s, -) with
s < t although it is given implicitly by solving a hyperbolic-parabolic equation with
a nonlinear term.

Some of the key issues related to the spatial spread can nevertheless be ad-
dressed, despite the aforementioned difficulty in obtaining an explicit analytic formula
of S(t,a,x) in terms of the historical values of M at all spatial locations. As shall
be shown in section 3, the linear stability of two spatially homogeneous equilibria
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can be fully investigated and the minimal wave speed can be calculated. One of the
results we obtain from this calculation is that the minimal wave speed is a function
of the average maturation time. More precisely, knowing the carrying capacities for
the adult and juvenile foxes, the minimal wave speed is a decreasing function of the
maturation period. This results coincide in principle with the speculation in [15, 22],
and give a more precise qualitative description of the influence of maturation time on
the propagation of the disease in space.

Establishing the existence of traveling waves turns out to be a very difficult task
due to the loss of monotonicity of the nonlocal delayed nonlinearity. In section 4, we
utilize a general result of Faria, Huang, and Wu [8] that claims the existence of trav-
eling waves in the neighborhood of a heteroclinic orbit between the two equilibria of
a corresponding ordinary delay differential system obtained from the delayed reaction
diffusion system for (.J, M) through a spatial average, and we obtain the existence of
this heteroclinic orbit by an approach based on a combination of perturbation anal-
ysis [23], the Fredholm theory, and some fixed point theorems [5, 13]. This will be
developed in detail in section 4, along with some numerical simulations to show how
the maturation time affects the calculation of the minimal wave speed, and how the
diffusion of the juvenile foxes impacts the amplitudes and frequencies of the oscillatory
long tails of the traveling wavefronts.

2. Derivation of the model. Here we use a deterministic approach to describe
the spatial spread of rabies. Following [15, 22|, we divide the fox population into two
groups: the infective and the susceptible. The former consists of both rabid foxes and
those in the incubation stage. The basic facts and assumptions of our model are as
follows:

(H1) The rabies virus is contained in the saliva of the rabid fox and is normally
transmitted by bite. Therefore, contact between a rabid and a susceptible
fox is necessary for the transmission of the disease.

(H2) Rabies is invariably fatal in foxes.

(H3) Adult susceptible foxes are territorial and seem to divide the countryside into
nonoverlapping home ranges which are marked out by scent. They do oc-
casionally travel considerable distances but always return to their home ter-
ritory. However, for young susceptible juvenile foxes, their behaviors are
different, because they prefer to leave their home territories in search of new
territories of their own.

(H4) The rabies virus enters the central nervous system and induces behavioral
changes of foxes. If the spinal cord is involved, it often takes the form of
paralysis. However, if the virus enters the limbic system, the foxes become
aggressive, lose their sense of direction and territorial behavior, and wander
about in a more or less random way.

Modeling the distinction of diffusion patterns of young and adult susceptible foxes,
already observed in [15, 22], is the main focus of this paper. Because of this distinction,
we shall incorporate age structure into our model and consider the fox population with
two age classes: the immature and the mature. Let I(¢,a,x) and S(t, a,x) denote the
population density at time ¢, age a > 0, and spatial location z € R = (—o0, 00) for
the infective and the susceptible foxes, respectively, and let 7 be the maturation time
which is assumed to be a constant. Then the integral

(2.1) J(t,x) = /000 I(t,a,z)da
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is the total population of the infective foxes and

(2.2) M(t,x) = /OO S(t,a,z)da

is the total population of the adult susceptible foxes. Using Fick’s diffusive law and
the mass active incidence, we have

2
(2.3) (gt + ;a) I(t,a,z) = DI%I(L a,z) + BS(t,a,z)J(t,x) — drI(t,a,x),
where Dy is the diffusive coefficient, d; is the death rate for the infective foxes, and g
is the transmission rate. Using I(t,00,z) = 0 and I(¢,0,z) = 0, we obtain from (2.1)
and (2.3) that

aJ(t, x) _/°° 0I(t,a,x)
a )y o
021(t,z)

Ox?
JrBJ(t,x)/ S(t,a,x)da.
0

(2.4) =Dy + BM(t,z)J(t,x) — drJ(t, x)

For S(t,a,z) with a > 7, we have the structured population model (see [20]
or [32])

(2.5) (8815 + 86(1> S(t,a,x) = —pS(t,a,x)] —dsS(t,a,z),

where the constant dg is the death rate for the susceptible foxes. Using S(t, 0o, z) = 0,
we get from (2.2) and (2.5) that

(2.6) OMZ) 40 (1,20 (1,2) — dsM(tx) + St 7,).

To obtain a closed system for (J, M), we need to formulate S(t,a,z) with0<a <7
in terms of (J, M). This is achieved by using the following structured hyperbolic-
parabolic equation with the initial condition given by the birth process:
e (2 +2)S(t,a,x) = Dy 25 S(t,a,2) — BS(t, a,x)J(t,x) — dy S(t, a, ),

' S(t,0,2) = b(M(t,z)),
where Dy is the diffusive coefficient for the immature susceptible foxes and b(+) is the

birth function of the susceptible foxes.
Combining (2.4) and (2.6) together gives

(2.8)
(ta) _ p OIEe) o GAI(1,2) ] (t, &) — drJ(t,x) + BT (t,x) [ S(t,a,x)da,

OM(2) — _BNI(t,2)J (t, @) — ds M (t,) + S(t,7, ),

where S(t,a,z), 0 < a < 7, is determined by solving the hyperbolic-parabolic system
(2.7).
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REMARK 2.1. S(t,a,z) in (2.7) depends on t, a, M(t,y), and J(s,y) for all
0<s<tandyé€ R, but an explicit formula for S(t,a,x) cannot be found. We shall
write F(t,a,z) = F(a, M, J)(t,a,x) to indicate this functional relation. It is easy to
show that

(29) F(avMa‘]l)(taavx) ZF(a,M,JQ)(t,a,a:) Zf 0§J1(S,y) SJQ(Say)
for 0<s<tandye€ R, and fort > a,
(2.10)  F(a, M, J1)(t,a,2) = b(M(t — a,x))e” Jeal@ T8I (waDduypeon Dy — .

REMARK 2.2. When 7 =0, system (2.8) reduces to

2
olta) _ p, 000D 4 31(t,a)S(t,x) — d; I (1, @),

(2.11)
ML) — _BJ(t, )M (t,x) — dsM(t, z) + b(M(t,x)).
This model was studied in [7] and [15] by assuming that the birth function obeys
the well-known logistic growth, that is, the (gross) birth function b(M) = dsM +
boM (1 — M/Sy), where Sy is the carrying capacity of the susceptible fox population
and by is the net birth rate for the susceptible fores when the population density is
close to zero. After rescaling by
dr

u(t,z) = J(t,x)/So, v(t,x) = M(t,z)/Sy, * = (ﬂSO/D[)1/2.’E, t* = BSot, r = ﬂ?
0

and dropping the asterisk, we can transform (2.11) into

2
(8- g

% = —uv + kv(l — v),

(2.12)

where k = by/BSy. In [7], it was proved that if r = % < 1, then the infective
and the susceptible foxes coexist, and there exists a family of traveling wavefronts
(J = Spu(x+ct), M = Sopv(z+ct)) for (2.11) which connect (0,Sy) to (kSo(1—r), Sor)
with the wave speed ¢ satisfying

CZCmiHZQ\/ﬂSQD] 17;75{ :2\/D1(ﬂ507d[).
V 0

In addition, it was shown that there is a constant k* > 0 so that (a) if k = by/BSo >
k*, then the wavefront (u,v) approaches (k(1 —r)Sp,Sy) monotonically; (b) if k =
bo/BSo < k*, then the wavefront (u,v) approaches (k(1 — r)Sy,rSy) with oscillatory
damping.

In [14] and [15], instead of the logistic growth, a static population of the susceptible
is assumed in the sense that deaths are equally balanced by births. This yields the
simple model

o.13) { 9 — D& 1+ BIM — dpJ,

%t = -t

where M and J are the total numbers of susceptible and infective foxes, respectively.

It was shown that with initial (mazimum) susceptible population Sy, if r = ﬁ > 1
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(that is, the mortality rate of the infective foxes is greater than the rate of recruitment
of mew infective), the infection dies out quickly. If r = % < 1, there is a family of
traveling wavefronts to the system (2.13) with the minimal speed

Cmin — 2[l)I(ﬁSO - dl)]1/2~

See [1, 6] for related work.
REMARK 2.3. When Dy =0, system (2.7)—(2.8) reduces to the following model:

dt Ox?

M BN — dgM + b(M(t — 7))eli—r ~(dr+8I(Nds.

(2.14) { 4 — Dy OJ  BMJ — drJ + BJ [ b(M(t — a))els ~(dv+87(t=s)dsgq,
dt

This is a delayed reaction diffusion system with distributed delay but without spatial
averaging. We will numerically compare the behavior of solutions to (2.14) with that
of (2.7)—(2.8) in section 4.3.

In the remaining part of this paper, we consider the dynamics of (2.7)—(2.8) using
the birth function

b(M) = boMe™ M,

where @ > 0 is a positive parameter, and by = ¥’(0) is the birth rate when the
population size is small. This birth function exhibits the logistic growth nature of
the fox population in the absence of the disease. Such a function has been used in
the well-studied Nicholson blowfly model [12] and is common in models of fish. The
specific form of such a function is not so important for the method developed below,
though the specific form facilitates and simplifies our qualitative analysis since, as will
be shown, constant equilibria can be explicitly described.

3. Structure of equilibria. In this section, we describe the structure of equi-
libria of biological interest. At an equilibrium, (J, M) takes on a constant value,
namely,

J= JOa M= MO,
for constants Jy and My. Then from (2.7) we have

(3.1) { (5 + #)S = Dy =5 — dy'S — 3SJo,

S(t, 0, Q]‘) = b(Mo)

To solve (3.1), we define V*(t,x) = S(¢,t — s,2) and obtain, for ¢ > s, that

0 . _ 08 0S(t,a,x)
EV (t, ) = E(tvayx”a:t—s + T|a:t—s
2
(3.2) - Dy%vsa, ) — dy VAt 2) — BIVE (b 2).

Note that (3.2) is a linear reaction diffusion equation with constant coefficients. The
associated initial condition is

(3.3) Ve(s,z) = b(My), x€R.
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To ensure uniqueness of solutions, we also impose biologically realistic boundary con-
ditions as follows:

(3.4) |V (¢, £o0)| < 0.

The solution of (3.2)—(3.4) is given by

(3.5) VS (t,z) = b(Mg)e~(@r +85)(t=s),
That is,

(3.6) S(t,t — s,2) = b(Mp)e~(dx +BJ0)(t=5)
and

S(t,a,x) =: F(a, My, Jo) =: b(Mo)e_(dY+5J°)a, 0<a<r,

from which, with (2.8), it follows that equilibrium (M, Jo) is given by the following
algebraic equations:

(3.7) BMoJo — drJo + ﬁJog(df,%)}o) (1 — e (drafhimy =,

—BMyJy — ds My + b(Mg)e~(dr+8J0)m —

We now solve (3.7) for equilibria.
When Jy = 0, the second equation in (3.7) gives

(3.8) —ds My + b(My)e ™ = 0.

Thus M, can take on two different values: My = 0 or My = M., = 2 In(by/dse®™7)).
Biological consideration requires that

bo
dsedyT
or, equivalently,
1 b
(39) T < Tmax = @ In ia

so that M. > 0.

When Jy # 0, obviously from the second equation of (3.7) we can simplify the
relation between Jy and My to yield

1 bo
My=—-(Iln—— — (d Ji .

Viewing My as a function of Jy, that is, My = ho(Jo) with hg being given by

(3.10) ho(Jo) = % (lnﬁjobids — (dY + ﬁJO)T) y

we find that ho(Jy) is decreasing for Jy > 0 with

ho(0) = M,

max

>0 and ho(+o0) < 0.
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From the first equation of (3.7) we have

Bb(Mo) — dy + BJo
(311) dr — BM, T 1 — e—(dy+BJo)T"

The monotonic increasing property of the function on the right-hand side of (3.11)
is obvious for Jy € [0,00). We now check the monotonicity of the function on the
left-hand side. Using the definition of b(-) and defining f(z) := b(x)/(d; — Bx), we
have

b'(z)(d; — Bx) + Bb(x)

f/(x) =p (dj — Bx)?
_ boe_ar(&ﬂQ?Z —adyx +dy)
~ e

It is easy to know that the function f(xz) = 8b(z)/(d; — Bx) is increasing with respect
to x provided that

ady < 40.

Therefore, under the above condition, a careful examination of the left-hand side of
(3.11) shows that (3.11) gives a unique function My = hy(Jo) (Mo < d;/3, Jo > 0)
which is increasing for Jy € (0,00) and satisfies

dy
hl(OO) = —.
B
It is easy to see that the intersection point of the two curves My = ho(Jy) and

My = h1(Jp) corresponds to the third equilibrium (J7, MT) of our system. As to the
existence and positivity of this particular point, we have the following.

THEOREM 3.1. Assume T < Tmax and ady < 45. Then system (2.7)—(2.8) has a
unique positive equilibrium (JT, MT) if and only if

dr (M) (L — e ™7)

3.12 Co(1) = — 2 max <1,
(3.12) o) = B My oy
where
1
M7, =-In bo__
a dgedyT

Proof. The condition 7 < Tmax implies that M.

is positive and the condi-
tion ad; < 40 guarantees that hy is increasing. Note that ho(0) = M .. By the

monotonicity properties of functions hy and h; and the fact that ho(co) < 0 and
hi(o0) = dﬂ > 0, it follows that the functions hg and h; have a positive intersection

point if and only if h1(0) < ho(0) = M. Now we show that h1(0) < ho(0) = M,

if and only if Co(7) < 1. We consider two cases:

(i) M > B/ds;

(il) M. < B/d;.
In the first case, the proof is obvious and will be omitted here. For the second case,
the inequality Cy(7) < 1 is actually equivalent to

dl _ b(Mr;ax)(l — e_dYT) <1
ﬁMr‘;ax Mr‘lr—laxdy ’
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or to

dY < ﬁb(Mgr—lax)
(1 — €_dYT) d] — ﬁM&—]

(3.13)

ax

From (3.11) we note that hy(0) (< %’) is determined by

pb(hi(0)) —  dy
dr — Bh1(0) 1 —edr7’

(3.14)

This means by (3.13) that Cy(7) < 1 is equivalent to

Bb(hi(0)) _  dy Bb(M o)

1 =
(3 5) dr — ﬁhl(O) 1—edv7 < dr — ﬁMI";l

ax

Since the function f(y) = Bb(y)/(dr — By) is strictly increasing for y € (—o0,d;/3),
from (3.15) we have the desired result that h;(0) < MT, <= Cou(7) < 1, and the
proof is complete.

REMARK 3.2. Inequality (3.12) can be rewritten as

(3.16) % < M7
The right side of (3.16) is the sum of the population of the mature and the immature
foxes when they reach equilibria in the disease-free case. This sum is the carrying
capacity of the environment. The left-hand side dr /3 is the critical minimum threshold
fox density; see [14]. Theorem 3.1 means that when the carrying capacity of the
environment is greater than the critical threshold-value dy /3, the rabid foxes and the
susceptible foxes can coexist and a positive equilibrium exists.

(1—etr)

+b(M:..) o

max

4. Traveling wave solutions. In this section, we consider the behavior of so-
lutions to system (2.7)—(2.8) in unbounded domain (—o0, 00) under the conditions in
Theorems 3.1. In section 4.1, we use the standard stability analysis to investigate
possible patterns of traveling waves. An explicit formula for the minimal wave speed
is given and this wave solution is confirmed by numerical simulations in section 4.3.
In section 4.2, we prove that traveling wavefronts with large wave speeds indeed exist
by using perturbation analysis developed in [8].

4.1. Local analysis of the traveling wavefronts. Standard stability analy-
sis is employed here to discuss the existence of traveling wavefronts. As usual, we
linearize the wave equation of (2.7)—(2.8) near their equilibria and find the associ-
ated eigenvalues and eigenvectors. Sketching this information in the system’s phase
plane yields a useful suggestion about a possible heteroclinic connection between these
equilibria. We show the details as follows.

First of all, we linearize (2.7)—(2.8) around its equilibrium (Jy, Mp). Recall that
when J = Jy, M = My, we have S(t,t — s,x) = F(t — s, My, Jo). Assume that

J:J0—|—AJ, M:M0+AM, S(t,t—s,.’ﬁ):F(t—S,M(hJ())-l-AS.
We first obtain the following linearized system for AS:

ot

1) 065 — Dy ZLNS — dy AS — BIAS — BF(t — 5, Mo, Jo)AJ,
' AS|i—s = b/ (Mo)AM.
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We then use Fourier transforms to solve this equation. Let
~ o .
AS :/ AS e"™Vdy,
—0o0

and let f be the Fourier transform of the term —8F(t — s, My, Jo)AJ, that is,
f=—BF(t—s, My, JO)/ AJ e™Ydy.
Then, after taking Fourier transforms to both sides of (4.1), we arrive at a new linear

equation for AS that can be solved easily to yield

AS = e~ (Dyw?+dy+8Jo)(t=s) /OO b’(Mo)AM(&y)einy

— 00

t
+/ f o~ JuZi(Dyw?+dy+BJ0)dv 7,
S

= ¢~ (Dyw’+dy+BJo)(t=9) /°° b (Mo)AM (s, y)e™Vdy

— 00

t oo
_ 5/ F(u— s,Mo,JO)/ AJ(u,y) e“Ydy o~ (Dyw’+dy +6J0)(t—u) g,
S —o0
We now take inverse Fourier transforms to obtain

1 ) oo ) )
AS(t,s,x) = 2*/ / b (Mo)AM (s, y)e*“Ydy e~ (Dyw’+dy +BJo)(t=s) g—iwz g ,
T J—coJ=co

/8 0 t
_7/ / F(U—S,MQ,JQ)
27 —0 Js

X /OO AJ(u,y) ei(DY“’QJFd"JrﬁJ“)(tfu)““(y*z)dy dudw

G ef<dy+wo><tfs)/°° AM (s, y)e— =0/ GDy (t=9) g,

\/47TDy(t— S)

e} t
o [ [ Fe s Mo ) A e s

o [ et g,
—0o0

_ VM) s /Oo AM(t — a,y)e— (-0 /4Dy (=) g,

\/47I'Dy(t7$)

[e'e) t—s
- d F(t —v— s, My, Jo)AJ(t — v,
ﬁ/_my/() (t—v— 5, Mo, Jo)AJ(t — v,y)

—(z—y)?/(4Dyv
i iy €DV

\/47TDyU

dv

and
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b (Mo)
\/47TDyCL
00 a
_ﬁ/ dy/ F(Q—U7M07J0)AJ(t—’U,y)
—00 0
—(z—y)?/(4D
X e_(dy+ﬁJo)ve (z—y)*/(4Dyv) o,

\/47TDyU

Thus we obtain from (2.4) and (2.6) the following linearized system:

AS(t, a, x) _ ef(der,BJo)a /OO AM(t —a, y)e*(w*y)Q/(‘lDYa)dy

o0t DI8 5+ BMoAJ + BJoAM — diAJ + BAJ [ F(a, My, Jo)da
(4.2) + BJo fo AS(t,a,x)da,

OBM — _BMyAT — BJoAM — dsAM + AS(t, T, ).

Near the equilibrium (J, M) = (0, M

max

(4 3) { aBAitJ = DI 3; + 6 maxAJ dIAJ + ﬁb( max) K

), it gives

aAM =—0MI AT —dsAM + AS(t, T, z),
where
b/(MT
AS t, : max 7dy7'/ AM t— —(z— y) /(4Dy7’)d
(t,7,2) = JiDy st T, y)e y
—(z—y)?/(4Dyv)
—6/ dy/ F(T—U,MO,JO)AJ(t—v,y)eid”e—dv.
— 00 0 vV 4’/TDYU

Looking for a traveling wavefront AJ = fi(x + ct), AM = g(x + ct), we have from
(4.3) that

(4.4)
cfi =Difl! + L(BM] . —dr + B max)(1 — e~ vy,

=-0 maxfl — ng + bglﬁfﬁ —dyT f o CT (E—y)z/(4DYT)dy

— B [% dy fg F(T —v, Mo, Jo) f1(y — Cv)e_dy”\/ Fge VAP gy,

This is a linear system of functional differential equations with mixed arguments. The
corresponding eigenvalues are determined by either

ky
45 P I ST )
or
—dyT ar?—Xer
—dgs + e YT (M, )eN A e\

where

b(MT

,6 max? I+ﬂ( max)(l 67Tdy)
dy

Solving (4.5) yields




150 CHUNHUA OU AND JIANHONG WU

The corresponding eigenvectors to the following system, which is equivalent to (4.4)
by letting fo = fi,

fl f2a
DIfQ_CfQ_fl(B max_d[—Fiym“)(l—e*dyT))’

= M f1 — dsg+ L0mas) =y [ g(y e (€0 /4Dy gy

\/W
— B[ dy [7 So(r —v) fily — cv)e D L —em(Ew*/UDy o) gy
are
1 1
_’1 = )\1 5 _’2 = )\2
0 0
When

0<c<2kDr,

the eigenvalues ;2 are complex and the eigensolutions are oscillatory and can be
negative. This is not biologically meaningful. Therefore, a natural condition for the

existence of traveling wavefronts starting from (0, M/ ,.) is

max made

(16) o eunle) = TG 1 - e M) 1 i

= 2/BM7,. Di\/1— Co(7)

We should mention that the minimal speed can also be expressed as

1—e-dvr dy
len =2 V 6DI\/ max max)i o

dy B’

from which we find the speed ¢y, depends not only on the diffusive coefficient Dy
and the transmission rate 3, but also on the difference between the carrying capacity
—dy T
M, +b(M, )2 — *~ and the critical threshold value dr /3.
We now argue that it is impossible for a positive trajectory to go from (0, M,

max)
o (0,0). To see this, linearizing around (0,0), we obtain

AT _ 82AJ
i =Dy T2 —diAJ,

OBM — g AM + 20 =7 [ AM(t — 7,y)e~ =9/ WDy Dy,

This gives, by substituting AJ = f1(x + ct), AM = g(z + ct), the following:

(47) cfi = Drf{' —d;fi,
. gl = —ng+ fﬂ-(g) = _dYTf e (5 y) /(4DYT)dy

Thus at (0,0), the eigenvalues satisfy

(4.8) {/\ ()\ - 5}) ?f,] [c ( ds + e~ Y (0)e M"‘*A”) . )\} —0.
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The second factor corresponds to the second equation of (4.7) that is in fact decoupled
from the first equation of (4.7).
By (3.9) it is easy to see that every eigenvalue to equation

% (_dS’ + e—dyTb/(O)ea)\2_,\cT) —A=0
cannot be negative and real, and hence there is no positive solution g such that
lim; o g(t) = 0. This means that there’s no positive orbit of (2.7)—(2.8) starting
from (0, M ..) and approaching (0,0).

So the solution starting from (0, M) could arrive at (J7, M]) under the con-
dition (4.6). The asymptotic behavior of traveling wavefronts approaching (J7, M)
depends on eigenvalues of system (4.2) near the equilibrium (J7, M7). If all the
eigenvalues with negative real parts are complex, then the traveling wave will tend to
(JT, MT) with oscillatory damping. Otherwise it will approach (JI, M) monotoni-
cally. We will see numerical evidence for oscillatory damping of wave patterns in later

sections.

4.2. A rigorous proof of traveling wavefronts with large wave speeds.
In this section, the existence of traveling wavefronts is rigorously established for sys-
tem (2.7)—(2.8). To present our result, we first show the existence of a heteroclinic
connection for a nondiffusive delayed system and then show that this is perturbed to
a traveling wavefront with large wave speed for (2.7)-(2.8).

4.2.1. Heteroclinic connection for a nondiffusion delay system. We now
study the heteroclinic connection of the delayed system

(1.9) 4L = GMT — dyJ + 5] [ B (t — a))els ~( 4870,

A _GMJ — dgM + b(M(t — 7))eli—r ~(r 87 (Dds
which is a reduced version of (2.7)—(2.
(4.9) has three equilibria: E; := (0,0),
For initial continuous data (J, M
(40(0),mo(0)) > 0, we claim that

8) when D; = Dy = 0. It is easy to see that
Ey:=(0,M7,.), and E3 := (JI, M]).

max

) = ZJO(S)’WO(S)) > 0 for s € [-7,0] with

(J(t),M(t)) >0

for all ¢ > 0. Indeed, dividing the first equation in (4.9) by J and integrating it from
0 to t, we have

J(t) = J(0)exp (ﬁM —dr + 6/ b(M(t — a)elo —<dY+5J“—S>>dS> > 0.
0

We then use the variation-of-constants formula in consecutive interval [0, 7], [T, 27], . ..
to obtain

M(t) >0

for ¢t > 0.
When 7 = 0, the above system reduces to the ODE system

{ 4T — BMJ — dyJ,

(4.10)
M — —BMJ — dsM + b(M).
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Obviously, the three equilibria reduces to E; = (0,0), Eo = (0, M2, ), and F3 =

max

(JO, M?9) = (%(fds + boe~ad1/B), %’), and we have J? > 0 if and only if Cy(0) =

THEOREM 4.1. When 7 =0 and Cy(0) = 51\5117{) < 1, system (4.9) has a hetero-
clinic orbit (Jo(t), Mo(t)) connecting Es and Es. -

Proof. First, we prove that the third equilibrium FEj3 is a global attractor in the
sense that it attracts every positive solution of (4.9) when 7 = 0. To see this, define

a Lyapunov function as

M J
V= M—Mf—MflogMO] + [J—J,?—Jflogd.

*

Differentiating the function V along the solution (4.10) yields

dv a a dr

P —aM _ _—ad;/B M- = 0

p o(e e ) 3 <

provided that M # d;/B3. This means that the equilibrium FE3 is a global attractor
by LaSalle’s well-known invariance principle. Linearizing (4.10) around Es gives

BM (1 = Co(0)) — X 0
( —BMO —dg +V(MO,) — A )

max max

and the following characteristic equation:

)—A) =0,

max max

(4.11) (BMO,. —d; — \)(—ds + V' (M,

For \; = M2, (1 —Cy(0)) > 0, we find an eigenvector 7 which points into the first
quadrant of the J — M plane. Therefore, the solution starting from the local unstable
manifold of F5 along the v direction will permanently stay in the first quadrant and
tends to (JO, M?)T as t — oo due to the global attractivity of E3. This completes
the proof.

When 7 # 0, deriving the global stability of the equilibrium Fj3 is nontrivial. Even
for the local stability, providing an explicit criterion is not easy. To demonstrate this,
we linearize (4.9) around Ej3 to obtain

412 W garr —ay 1 oy LY
(4.12) dt—(ﬁ*—z-l-ﬂ(*)M)
— B2JTb(MT) / e~ (dr+BJ0)a / J(t — s)dsda + BJT M
0 0
BT (M) / M(t — a)e—@r+8TDag,
0
and
M [T
(4.13) ddT = —BMJ — Bb(M] )e~(dv+6I0T / J(t — s)ds
0

+ BJTM — dsM + b (M7 )e™ (D +BIOT AL (¢ — 7).

In order to understand the linear system (4.12) and (4.13), we first consider the special
case when 7 = 0. In this case the characteristic equation is given by

N4 (B0 4+ dg — b (MO)A 4 32 M2J° = 0.
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Since (4.10) yields 3J0 + dg = b(M?) /M2, the above equation becomes
A2+ abge M\ 4+ 820070 = 0.

Hence, the eigenvalues are given by

—aboe= M2 £\ /(abg)2e—2aMY — 432 )[0.JO
2 b

(4.14) AL =

the real parts of which are negative as long as J > 0 (or, equivalently, C(0) < 1).
Because A depends continuously on the parameter 7, we conclude that there exists a
number 7; > 0 so that when 7 < 71, all the eigenvalues of the linearization at F3 have
a negative real part.

At the equilibrium Fy when 7 # 0, we have the following characteristic equation:
(4.15) (1= Co(r) = A) (—ds + b/ (M, )e" ™ Te ™ — BMT  A) = 0.

max

It can be shown easily that there exists a constant 75 so that equilibrium FEj is
hyperbolic for C'(7) < 1 and 7 € [0, 72), where 75 is the first positive number satisfying

s
|b' (M )e”4v 2]

VU (Mif)e= )2 —d2’

T — arccos
(4.16) (M2, )e~ ™| > |ds|, and 75 =

max

We should mention that formula (4.16) can be obtained by the well-known Hopf
bifurcation theory, and that if there is no 7 satisfying (4.16), then we assume that
Tg = OQ.

With the above preparation, we are now ready to prove a theorem concerning the
heteroclinic connection for (4.9) when 7 # 0. To present our result, we first introduce
some notation.

e For a vector x € R?, we denote ||z|| = ||z|| 2.

e Let X (R, R?) be the space of continuous and bounded functions from R to
R? equipped with the standard norm ||¢|| = sup{||¢(t)||, t € R}.

o Let X! =X R R))={peX:¢ X}

o Let Xg={¢p€ X :lim_.1o0¢=0}and X§ ={p€ Xo:¢ € Xo}.

Under the conditions in Theorem 3.1, we have the following result.

THEOREM 4.2. Assume that Co(T) < 1. Then there exists a positive constant
8 so that for 0 < 1 < 6, equation (4.9) has a heteroclinic orbit (J(t), M(t)) which
connects Ey and Es.

Proof. We first introduce the transformation

J() MT._ — M
U = V= max 7
JI ’ M;r—lax - M:

to get rid of the 7-dependence of Es and E3. Substituting this into (4.9), we have the
following system for U and V:

= B(Ma = V(Mo — MD)U — drU

ﬂ max
+ BU [TH(V(t — a)els —(@v+BITUG=)ds g,

4.17
( ) AV _ BT (Mg V(M =M )U s (Mo —V(Mpa = M)
ac Mo =M Max—MT

bV (t=1) efttﬂ_ —(dy+ﬁJIU(s))ds’

max %
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where b(V (t — 7)) = b(M[,. — V(M. — MT)). Equation (4.17) has two equilibria
E5 :=(0,0) and E5 := (1,1). In particular when 7 = 0, we know from Theorem 4.1
that there exists a heteroclinic solution (Uy(¢), Vo (t)) that connects two points Es and
FE5 and satisfies

(4.18)

dgto = Fl(u’ v)|u:Uo,U:V0 = B(Mr?lax - %(MO ME))UO —d;Uy,

max

0 0 _ 0] 0 0] 0 0
d;;o = Fy(u,0)|uz U vV = _ BI (M, IYS,EMXZX M)Vo + ds(Mma])\(/[m‘:x(ﬁ/fmix M)
__b(W(®)
Mynax MO
Note that the relation between M7 . and M?_ . MT and M?, and J7 and J?
can be described as
(4.19) MI,. =M +O(r), MI=M>2+0(r), JI=J>+0(r).

We now show that there exists a constant § such that (4.17) has a heteroclinic orbit
(U(t),V(t)) connecting two points Es and E3 provided 7 < 6.

First of all, we let W7 = U — Uy and Wy = V — V| and obtain the following
equation for the remainder (Wy, W):

(4 20) dlli/lz'l 3F1(U07V0)W + 3F1(U07V0)W —I—Fl(t T, W],Wg)

dl?f 3F2(U0 Vo) Wy + 3F2(U0 VO)W2 + FQ( T, Wi, Wg),
where

(t T, Wl,WQ)
= B(Mmax — (Vo + Wa) (M, — M) (Uo + W1) — dp(Uo + W)

+ B(Uo + W) / b(Vo(t — a) + Wi (t — a))elo ~(dr+BIIUa(t=s)+ W (t=s))ds g,
0

O U i)y, OB Uiy,

(4.21) — F1(Uo, Vo) — <

ou ov

and

ﬁJT( I:lax (VO+W2)( max_MI))(UO+W1)

(t T, Wl, Wg) M;’;lax — MT
ds(Mpax — (Vo + Wa) (M. — MT))

4.22 max max *
( ) - Mr?x-lax - MT

_ b(Vo(t —7) + Wa(t = 7)) olt—r —(dy +BIT (Uo(s)+ Wi (s)))ds

MI‘Ir—lax - M:
O0F5(Uy, V¢ O0F5(Uy, V¢
= By Vi) — (200D g 0P Vo), )
ou ov

Define an operator 7' : ¥ € X! — X from the homogeneous part of (4.20) as
follows:

(4.23) TV =0 — A(t)V, t € R,
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where
OF1(Uo(t),Vo(t)) OF1(Uo(t),Vo(t))
A(t) _ ou ov
0F(Uo(1),Vo(t))  9F2(Uo(t),Vo(t))

ou ov

We remark that (Uy(t), Vo(t)) tends, respectively, to Ey and E3 when ¢ — —oo and
t — oo. This means that the linear operator T is asymptotically hyperbolic as t — Fo0
in the sense that

U — A(—00)¥ =0 and ¥’ — A(c0)¥ =0

are hyperbolic due to (4.11) and (4.14). Furthermore, we know that every eigenvalue
for the linear equation ¥/ — A(co)®¥ = 0 has a negative real part. Define the formal
adjoint equation of TW = ¥/ — A(t)T =0 as

(4.24) ' 4+ AT(H)® =0, teR.

We now divide our proof into five steps.

Step 1. We claim that if ® € X is a solution of (4.24) and ® is C!'-smooth, then
® = 0. Moreover, we have R(T) = X, where R(T) is the range of T

Indeed, assuming to the contrary that ® is not zero at some point ¢y, then we can
solve (4.24) to obtain

O(t) = D(tg)e” Jig AT (0t

Since when t — oo, AT (t) tends to AT (00) whose eigenvalues are negative, we deduce
that

lim ®(t) = oo,

t—oo

which contradicts the fact that ® is bounded.
By the classical Fredholm theory, this claim means further that R(7T) = X in the
sense that for any © € X, there exists ¥ € X! so that

TV = 0.

Step 2. Let © € Xy be given. If U is a bounded solution of T¥U = ©, then
¥ € X{}. In fact, we need to show only that

tlérinoo U(t) = 0.
Actually when t — oo, equation
(4.25) U — AT =0
asymptotically tends to
(4.26) U’ — A(c0)¥ = 0.

Note that for (4.26), the w-limit set of every bounded solution is just the critical
point ¥ = 0. Using the result from [21] or [18], every bounded solution of (4.25) also
satisfies

lim ¥(¢) = 0.

t—o0
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When inverting the time from —t to ¢, we can similarly prove that

. lim W(t) = 0.
Step 3. We rewrite (4.20) as
(4.27) W' (t)+ W =W + AW +T(¢),

where
W= (le WQ)Tv F(t) = (Fl(sv T, Wla W2)7 FQ(Sa T, Wla W2))T'

Changing (4.27) into an integral equation gives

(4.28) W(t) = /t eI (W (s) 4+ A(s)W (s) + I(s))ds,

— 00

where I is the 2 x 2 identity matrix and W (t) = (W (t), Wa(t))T.
Define a linear operator L : Xo — X as follows:

LW)(t) =W(t) — /t e~ (W (s) + A(s)W (s))ds, W € X.

— 00

Obviously L(W) € X, if W € X,. Now we prove that R(L) = Xy, that is, for each
Z € Xo, we can have a W € Xg so that

W(t) - / e~ =T (W(s) + A(s)W (s))ds = Z(2).

— 0o

To see this, assuming that £ = W — Z, we obtain an equation for £ as follows:

£(t) = /_ e~ =9 (g(s) + A(s)E(s))ds + / e~ (Z(s) + A(s)Z(s))ds.

—00

Differentiating both sides yields
(4.29) T(E)(t) = €(t) — AWE() = Z(t) + A()Z(1).

Using the results that R(T) = X in Step 2, one can obtain that there exists a solution
¢ for (4.29) and ¢ € X{}. Returning to the variable W, we have W = £ + Z € Xo.

Step 4. Let N(L) be the null space of the operator L. Define N+ (L) = Xo/N(L).
It is clear that N (L) is a Banach space. If we let S = L[y (r) be the restriction
of L on N+(L), then S : NX(L) — Xj is one-to-one and onto. By the well-known
Banach inverse operator theorem, we have that S=! : Xy — Xg/N(L) is a linear
bound operator.

Step 5. When L is restricted on N+ (L), equation (4.28) can be written as

SW)(t) = / e~=9ID(s W, 7)ds

— 00

or

(4.30) W(t) =51 (/t e~ (=9I, VV,T)dS) .



MODELS FOR SPATIAL SPREAD OF RABIES 157
The term fioo e~ (=9I (s)ds on the right-hand side can be estimated. Actually

when 7 is small and W € X}, from (4.19), (4.21), and (4.22), we have the following
estimations:

(4.31) ‘/ ~(=9T (s)ds

= O(7) + O(7|IW||x,) + O(IW|[%,)
and

t
(4.32) ‘ / e~ =9y (s)ds

= O(7) + O(7|[W||x,) + O(||W|%,)

as 7 — 0 and |[|W]|| — 0. To derive (4.31) and (4.32), we have made use of the
following result:

(4.33) / e~ (Wi(s — 7)) — Wils))ds = O(7||W]]), i=1,2.

— 00

Actually, if W € X}, by exchanging the order integration and by integration by parts,
we have

/ e (=) (Wi(s — 1) — Wi(s))ds

— 00

¢
:7'/ ts/WS*TU)d’U,dS
= / / =W (s — Tu)dsdu
¢
= T/ (Wl(t —TU) — / eI Wy(s — Tu)ds> du
0 —oo

= O(r||W]]), i = 1,2,

leading to (4.33). Using the fact that X} is dense in Xo, we conclude that (4.31) and
(4.32) hold for any W € Xj.

Let B(o) denote the closed ball in X with radius o and center at the origin. Since
the norm ||S~!|| is independent of 7, it follows from (4.31) and (4.32) that there exist
o>0,6>0,and 0 < p < 1 such that for all 7 € (0,6] and ¢, 9, W € B(o) C Xo,

t
(] o) <o

and

t t
Hs—l ( [ e T)ds> 5 ( JGE r)ds) H < ol — ¥l

Hence, S™1 (fioo e_(t_s)lf(s, W, T)ds) is a uniform contractive mapping of W € XyN
B(o). By using the classical fixed point theorem, it follows that for = € [0, 4], (4.30)
has a unique solution W € X, /N(L). Returning to the original variable, we get that
(W1 + Uy, W + V) is a heteroclinic connection between F5 and Es. This completes
our proof.
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REMARK 4.3. When 7 > 6, we can rescale the time variable t — tT to obtain

Al — 3MJ — 7dJ + 78] fol b(M(t — a)els —(dv+BI(t=s)ds gq

(4.34) %[: [t —(dy +BJ(s))ds
G = —TBMJ —1d;M + Tb(M(t — 1))e)t—1 71T )

At 7 =6, by Theorem 4.2, equation (4.34) has a heteroclinic connection. We can as
well show that if Co(T) < 1, there exists a constant 61, § < 8 < min{7y, 72}, such that
if 6 <71 <61, equation (4.9) has a heteroclinic orbit (J(t), M(t)) which connects Ea
and E3. The proof is the same as that of Theorem 4.2. The method is referred as to a
homotopy approach (see [5]); namely, we view T as a varying parameter and start with
(4.34), and extend the result from 6 to 61 € (6, min{r,72}) by replacing the arguments
in Step 1 to Step 5 by those of the parallel theory in linear delay differential equations.
It would be interesting to see how far this homotopy argument can be applied to push
the upper bound .

4.2.2. Traveling wavefronts with large wave speeds. We now consider the
reaction diffusion system (2.7)—(2.8) for which we will use Theorem 1.1 in [8] to give
traveling wavefronts in the case when the wave speed c is large. The main idea of this
result is simple: if the nondiffusive equation has a heteroclinic connection between Fo
and FEj3, then the diffusive system has a family of traveling wavefronts from Es to Fj3
with large wave speeds.

THEOREM 4.4. Assume that 7 < 6. Then there exists a ¢* > 0 such that for any
c > c*, system (2.7)—(2.8) has a traveling wavefront (J(t,x), W(t,z)) = (u(ct + z),
v(ct + x)) which connects Ey and Ej.

Proof. First we observe that if there is no diffusion, that is, if D; = 0 and Dy = 0,
our equations (2.7)—(2.8) reduce to (4.9). When 7 < §, the equilibria Fy and E3 are
hyperbolic, and, in particular, all the eigenvalues to E3 have negative real parts. From
Theorem 4.2, we know that when 7 < §, equation (4.9) has a heteroclinic connection.
So conditions (Hy), (Hz), and (Hsz) in [8, Theorem 1.1] are satisfied. Last, for our

kernel function f(z) = \/% exp(—%), it is easy to see that

e oo ()
—— X —_ 0.
) p 4 ylay

So all conditions in [8, Theorem 1.1] are satisfied. Hence by [8, Theorem 1.1], we
conclude that there exists a ¢* > 0 so that for any ¢ > c¢*, system (2.7)—(2.8) has
a traveling wavefront (J(t,z), W(t,z)) = (u(ct + ), v(ct + x)) which connects Es
and E3.

4.3. Numerical simulations. In this subsection, we will numerically study the
traveling wavefronts of our model (2.7)—(2.8).
We first describe our numerical methods. We give initial data

J(s,x) = jo(s,x), M(s,x) =mo(s,z), -7 <s<0, z €[-L, L]

and solve (2.7) and (2.8) to obtain (J(t,x), M (t,x)) in a sufficiently large interval
[-L,L] for t > 0 and some L > 0. As usual, in the process of finding numerical
solutions, we take the homogeneous Neumann boundary conditions at the end points
x = +L. Depending on other parameters in our model and the solution patterns, we
may adjust the parameter L from 100 to 1000 so as to present a clear view of our
graphs. We take a constant h satisfying

M < h< M

max"*
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For any fixed ¢, we find the first position « = z(¢,h) > —L so that
M(t, z(t,h)) = h.

Choose a sequence {t;}%2;, and consider

(4.35) (J(tj,x + z(t;h)), M(t;, x4+ z(t; h))).

If the numerical solutions (J(t;,z + 2(t; h)), M(¢;,« + 2(t;h))), 7 =1,2,3,..., con-
verge uniformly to a nonconstant function (J(-), M(-)) which satisfies the boundary
conditions

im (J(€), M(€) = Bz and_lim_(J(), M(©) = Es,
then the limit (J(-),M(-)) is viewed as a traveling wavefront. Theoretically, this
process has also been used to prove the existence of traveling wavefronts for certain
monotone dynamics; see [4]. The limit

(436) lim Z(tj+1,h) — Z(t%h)
Jj—o00 tj+1 — tj

is correspondingly thought of as the asymptotic wave speed of the traveling wavefront.

We now discuss the parameter values from relevant references (2, 15, 16]. First of
all, we note that [16, p. 126] suggests 9 to 12 months for the maturation time, and we
will therefore restrict our attention to the range of 7 to [0.5,0.8] (year). The diffusion
coefficient Dy = 60 km? /year will be used, based on the value in [15].

For red foxes, the average per capita intrinsic death rate is 0.5 year—! [2], so we
take dg = 0.5 year—!. Since it is known that the death rate of juvenile foxes is greater
than that of adult foxes, we take dy = 0.8 year—! [16, p. 127].

An infective fox first goes through an incubation period that can vary from 12
to 110 days. A life expectancy of about 35 days gives d; as approximately 10 year~!.
For the transmission coefficient, we derive 3 = 10 km?/year by using formula (5)
in [15]. The number of cubs in a litter ranges from 1 to 10, with a mean of 4.7 in
Europe [2, 17, 16, 30, 31]. Sex ratios are in general close to unity at birth, and the
pregnancy rate is in the region of 90% [17, 16], with a further 10% of vixens failing to
produce offspring [2]. In view of this information, the average per capita birth rate
by is taken to be 1.9 year—!.

We now calculate the minimal wave speed cp;,. The carrying capacity Sy is
assumed to be 2 foxes per km?, as in Figure 4 of [2], and it is the sum of the population
of the immature and the adult foxes when they reach the stable equilibria in the
disease-free case, that is,

1— e—dyT

SO = Mr?x-lax + b(M;r—lax) d
Y

We need further information in order to estimate the maturation time, which is
related to the parameter @ in the birth function. By Table 26 in [16], the number of
adult foxes per km? varies from 0.5 to 1.8, and the number of litters found per km?
varies from 0.16 to 0.6. Thus we take the mean value of the ratio of the adult foxes
to the litter foxes as 1.15 : 0.38. Using the facts So = M. + b(M], )ﬂ =2

max max dy
and

e 1— e—dyT

max

s (M

T —1.15:0.38,
max) dY
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we calculate that the carrying capacity is 2 when the parameters 7 = 0.5305 and

_ 1 ds d bo
= (14 (e —1))1 = 0.6057.
a 5 ( a0y (e )) ndgedYT 0.6057

The result calculated in [15] gives the minimal speed coq = 48.9898 km/year.
In our calculation, ¢y, is a decreasing function of 7, with ¢y, = 53.757 km/year if
7 =0; and

max max

dr b(MT )
in =2+/0OMT.  Djy|1— max’ (1 —e—dv7
Cmin ﬁ max I\/ ﬁMT + M dY ( e 4y )

— 7dy7’
=2 V /BDI\/MI‘II-IELX + b(M&ax)% - %
Y

= 43.549 km/year

if 7 = 0.8. The graph of ¢y, as a function of 7 is given in Figure 1.

To describe numerically the solution patterns, we first scale the variable z by
v Drx so that the diffusion rate for rabid foxes in our simulations becomes constant 1.
The length L of the half interval is taken to be 300. We use the the Neumann boundary
condition and the initial values

Mt a) = { Mo =300 <2 <150, 7 <0,
= 0.6, 150 < 2 < 300, 7 < ¢ <0,

and

J(t,z) = 0, =300 <2 <150, 7 <t <0,
/71 0.05, 150 <2 <300, T <t<O.

A finite difference method coupled with iterative techniques is used in our numerical
approximation via the software MATLAB, and the numerical result when Dy = 0
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F1G. 2. Graph of solutions M (upper) and J (lower) at t = 40 years, here T = 0.8, df = 10,
ds = 0.5, dy = 0.8, So =2, bg =2, and 8 = 10. There exist long wave tails for both J and M.

and 7 = 0.8 shows that the solution stabilizes to a traveling wavefront with minimal
speed 43.549 km/year. The numerical result when ¢ = 40 years is shown in Figure 2.

Fixing other parameters, we carry out simulations in the cases when Dy = 0.25D;
and Dy = Djy. It is found that in both cases, the spreading speeds stabilize to the
same minimal wave speed 43.549 km/year and the change of the diffusion rate Dy
has impact only on the amplitudes and frequencies of oscillation for the long tail
in the traveling wave, and its impact on the shape of the solution is less apparent
if we confine the value Dy /Dy to the interval [0,1]. This result is what we should
expect because the maturation time 7 is relatively small that the contribution of Dy
to the pattern of solutions is limited. See Figure 3 for the comparison of M up to
t = 40 years between the case Dy /Dy = 0 and the case Dy /Dy = 1.

Our simulations agree with the theoretical analysis in the above sections that the
minimal wave speed of rabies depends on the maturation time 7, while the amplitude
and frequencies of oscillations of the long tail are influenced also by the diffusion rate
of juvenile foxes.

We conclude with a remark about the limitation of this work. We assumed two
age classes and homogeneity within each age class. Namely, many parameters in the
model such as death and diffusion rates and force of infection are all assumed to be
constants that depend on the age class but are independent of the precise age. This is
certainly only an approximation to the biological reality, and parameter values should
be thought of as some sort of averages during the whole juvenile or adult period. For
example, newborn susceptible juveniles would not be moving at all and the search for
new territories by juveniles must happen only during a particular phase of childhood.
In [16], it was noted that breeding season varies from region to region but usually
begins early in the year, then in the autumn following birth the pups of the litter will
disperse to their own territories. Ideally, we should use age-dependent coefficients and
parameters, and hence the model would become an age-structured reaction diffusion
equation that cannot be reduced to a system of reaction diffusion equations with
delayed nonlocal nonlinearities.



162 CHUNHUA OU AND JIANHONG WU

0.9r i

0.8

=071

0.6

0.51

0.4

0.31

02 Il Il Il Il
-300 -200 -100 0 100 200 300

x

Fic. 3. Graph of solutions M for Dy /Dy =0 (solid line) and Dy /Dy =1 (dashed line) where
t = 40 years.

REFERENCES

[1] L. J. S. ALLEN, D. A. FLORES, R. K. RATNAYAKE, AND J. R. HERBOLD, Discrete-time deter-
manistic and stochastic models for the spread of rabies, Appl. Math. Comput., 132 (2002),
pp. 271-292.

[2] R. M. ANDERSON, H. C. JACKSON, R. M. MAY, AND A. M. SMITH, Population dynamics of fox
rabies in Europe, Nature, 289 (1981), pp. 765-771.

[3] N. F. BRITTON, Spatial structures and periodic travelling waves in an integro-differential
reaction-diffusion population model, STAM J. Appl. Math., 50 (1990), pp. 1663-1688.

[4] X. CHEN, Ezistence, uniqueness, and asymptotic stability of traveling waves in nonlocal evo-
lution equations, Adv. Differential Equations, 2 (1997), pp. 125-160.

[5] S.-N. CHOW, X.-B. LIN, AND J. MALLET-PARET, Transition layers for singularly perturbed delay
differential equations with monotone nonlinearities, J. Dynam. Differential Equations, 1
(1989), pp. 3-43.

[6] P. Daszak, A. A. CUNNINGHAM, AND A. D. Hyart, Wildlife ecology—Emerging infectious
diseases of wildlife—Threats to biodiversity and human health, Science, 287 (2000), pp.
443-449.

[7] S. R. DUNBAR, Travelling wave solutions of diffusive Lotka-Volterra equations, J. Math. Biol.,
17 (1983), pp. 11-32.

[8] T. FARiA, W. HUANG, AND J. Wu, Traveling waves for delayed reaction-diffusion equations
with non-local response, Proc. Roy. Soc. London Ser. A, 462 (2006), pp. 229-261.

[9] S. A. GOURLEY AND N. F. BRITTON, A predator prey reaction diffusion system with nonlocal
effects, J. Math. Biol., 34 (1996), pp. 297-333.

[10] S. A. GOURLEY, J. W.-H. So, AND J. Wu, Non-locality of reaction-diffusion equations induced
by delay: Biological modeling and nonlinear dynamics, J. Math. Sci. (N.Y.), 124 (2004),
pp- 5119-5153.

[11] S. A. GOURLEY AND J. Wu, Delayed reaction diffusion equations: Theory and applications to
biological invasion and disease spread, in Nonlinear Dynamics and Evolution Equations,
H. Brunner, X. Zhao, and X. Zou, eds., AMS, Providence, RI, 2006, pp. 137-200.

[12] W. S. C. GURNEY, S. P. BLYTHE, AND R. M. NISBET, Nicholson’s blowflies revisited, Nature,
287 (1980), pp. 17-21.

[13] J. K. HALE AND X.-B. LIN, Heteroclinic orbits for retarded functional-differential equations, J.
Differential Equations, 65 (1986), pp. 175-202.

[14] A. KALLEN, Thresholds and travelling waves in an epidemic model for rabies, Nonlinear Anal.,
8 (1984), pp. 851-856.

[15] A. KALLEN, P. ARCURI, AND J. D. MURRAY, A simple model for the spatial spread and control
of rabies, J. Theoret. Biol., 116 (1985), pp. 377-393.



(31]

32]
(33]

34]

MODELS FOR SPATIAL SPREAD OF RABIES 163

H. G. LLoyDp, The Red Foz, B. T. Batsford Ltd., London, 1980.

D. W. MAcCDONALD, Rabies and Wildlife. A Biologist’s Perspective, Oxford University Press,
Oxford, UK, 1980.

L. MARKUS, Asymptotically autonomous differential systems, in Contributions to the Theory
of Nonlinear Oscillations, Vol. 3, Ann. of Math. Stud. 36, Princeton University Press,
Princeton, NJ, 1956, pp. 17-29.

R. H. MARTIN, JR., AND H. L. SMITH, Abstract functional-differential equations and reaction-
diffusion systems, Trans. Amer. Math. Soc., 321 (1990), pp. 1-44.

J. A. J. METZ AND O. DIEKMANN, EDS., The Dynamics of Physiologically Structured Popula-
tions, papers from the colloquium held in Amsterdam, 1983, Lecture Notes in Biomath.
68, Springer-Verlag, Berlin, 1986.

K. Miscuaikow, H. SmiTH, AND H. R. THIEME, Asymptotically autonomous semiflows: Chain

recurrence and Lyapunov functions, Trans. Amer. Math. Soc., 347 (1995), pp. 1669-1685.

. D. MuRRrAY, E. A. STANLEY, AND D. L. BROWN, On the spatial spread of rabies among

fozes, Proc. Roy. Soc. London Ser. B, 229 (1986), pp. 111-150.

E. O'MALLEY, JR., Singular Perturbation Methods for Ordinary Differential Equations,

Appl. Math. Sci. 89, Springer-Verlag, New York, 1991.

M. A. Pozio, Behaviour of solutions of some abstract functional differential equations and
application to predator-prey dynamics, Nonlinear Anal., 4 (1980), pp. 917-938.

M. A. Pozio, Some conditions for global asymptotic stability of equilibria of integro-differential
equations, J. Math. Anal. Appl., 95 (1983), pp. 501-527.

R. REDLINGER, Ezistence theorems for semilinear parabolic systems with functionals, Nonlinear
Anal., 8 (1984), pp. 667-682.

R. REDLINGER, On Volterra’s population equation with diffusion, SIAM J. Math. Anal., 16

H

<

&

(1985), pp. 135-142.
. L. Smita AND H. R. THIEME, Strongly order preserving semiflows generated by functional-
differential equations, J. Differential Equations, 93 (1991), pp. 332-363.

J. W.-H. So, J. Wu, AND X. Zou, A reaction diffusion model for a single species with age
structure, 1. Travelling wave fronts on unbounded domains, Proc. Roy. Soc. London Ser.
A, 457 (2001), pp. 1841-1853.

A. WANDELER, G. WACHENDORFER, U. FORSTER, H. KREKEL, W. SCHALE, J. MULLER, AND F.
STECK, Rabies in wild carnivores in central Europe. 1. Epidemiological studies, Zbl. Veter.
Med. B, 21 (1974), pp. 735-756.

A. WANDELER, G. MULLER, G. WACHENDORFER, W. SCHALE, U. FORSTER, AND F. STECK,
Rabies in wild carnivores in central Furope. 3. Ecology and biology of the fox in relation
to control operations, Zbl. Veter. Med. B, 21 (1974), pp. 765-773.

G. F. WEBB, Theory of Nonlinear Age-Dependent Population Dynamics, Monogr. Textbooks
Pure Appl. Math. 89, Marcel Dekker, New York, 1985.

J. Wu, Theory and Applications of Partial Functional-Differential Equations, Appl. Math. Sci.
119, Springer-Verlag, New York, 1996.

Y. YAMADA, Asymptotic stability for some systems of semilinear Volterra diffusion equations,
J. Differential Equations, 52 (1984), pp. 295-326.



SIAM J. APPL. MATH. (© 2006 Society for Industrial and Applied Mathematics
Vol. 67, No. 1, pp. 164-193

MODELING VISCOELASTIC BEHAVIOR OF ARTERIAL WALLS
AND THEIR INTERACTION WITH PULSATILE BLOOD FLOW*
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CRAIG J. HARTLEYY, AND DOREEN ROSENSTRAUCH!

Abstract. Fluid-structure interaction describing wave propagation in arteries driven by the
pulsatile blood flow is a complex problem. Whenever possible, simplified models are called for.
One-dimensional models are typically used in arterial sections that can be approximated by the
cylindrical geometry allowing axially symmetric flows. Although a good first approximation to
the underlying problem, the one-dimensional model suffers from several drawbacks: the model is
not closed (an ad hoc velocity profile needs to be prescribed to obtain a closed system) and the
model equations are quasi-linear hyperbolic (oversimplifying the viscous fluid dissipation), typically
producing shock wave solutions not observed in healthy humans. In this manuscript we derived a
simple, closed reduced model that accounts for the viscous fluid dissipation to the leading order.
The resulting fluid-structure interaction system is of hyperbolic-parabolic type. Arterial walls were
modeled by a novel, linearly wviscoelastic cylindrical Koiter shell model and the flow of blood by
the incompressible, viscous Navier—Stokes equations. Kelvin—Voigt-type viscoelasticity was used to
capture the hysteresis behavior observed in the measurements of the arterial stress-strain response.
Using the a priori estimates obtained from an energy inequality, together with the asymptotic analysis
and ideas from homogenization theory for porous media flows, we derived an effective model which
is an e2-approximation to the three-dimensional axially symmetric problem, where € is the aspect
ratio of the cylindrical arterial section. Our model shows two interesting features of the underlying
problem: bending rigidity, often times neglected in the arterial wall models, plays a nonnegligible role
in the e2-approximation of the original problem, and the viscous fluid dissipation imparts long-term
viscoelastic memory effects on the motion of the arterial walls. This does not, to the leading order,
influence the hysteresis behavior of arterial walls. The resulting model, although two-dimensional,
is in the form that allows the use of one-dimensional finite element method techniques producing
fast numerical solutions. We devised a version of the Douglas—Rachford time-splitting algorithm to
solve the underlying hyperbolic-parabolic problem. The results of the numerical simulations were
compared with the experimental flow measurements performed at the Texas Heart Institute, and
with the data corresponding to the hysteresis of the human femoral artery and the canine abdominal
aorta. Excellent agreement was observed.
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1. Introduction. The study of flow of a viscous incompressible fluid through
a compliant tube is of interest to many applications. A major application is blood
flow through human arteries. Understanding wave propagation in arterial walls, local
hemodynamics, and temporal wall shear stress gradient is important in understanding
the mechanisms leading to various complications in the cardiovascular function. Many
clinical treatments can be studied in detail only if a reliable model describing the
response of arterial walls to the pulsatile blood flow is considered.

It has been well accepted that in medium-to-large arteries blood can be modeled
as a viscous, incompressible Newtonian fluid. Although blood is a suspension of red
blood cells, white blood cells, and platelets in plasma, its non-Newtonian nature due
to the particular rheology is relevant in small arteries (arterioles) and capillaries where
the diameter of the arteries becomes comparable to the size of the cells. In medium-to-
large arteries, such as the coronary arteries (medium) and the abdominal aorta (large),
the Navier—Stokes equations for an incompressible viscous fluid are considered to be
a good model for blood flow.

Devising an accurate model for the mechanical behavior of arterial walls is more
complicated. Arterial walls are anisotropic and heterogeneous, composed of layers
with different biomechanical characteristics [21, 22, 29, 44]. A variety of different
models has been suggested in the literature to model the mechanical behavior of
arteries [1, 2, 3, 21, 22, 23, 29, 27, 33, 44, 51]. They range from the detailed description
of each of the layers to the average description of the total mechanical response of the
vessel wall assuming homogeneous, linearly elastic behavior.

To study the coupling between the motion of the vessel wall and pulsatile blood
flow, a detailed description of the vessel wall biomechanical properties may lead to a
mathematical and numerical problem whose complexity is beyond today’s computa-
tional capabilities. The nonlinearity of the underlying fluid-structure interaction is so
severe that even simplified description of the vessel wall mechanics assuming homo-
geneous, linearly elastic behavior leads to the complicated numerical algorithms with
challenging stability and convergence properties. To devise a mathematical model
that will lead to a problem which is amenable to numerical methods producing com-
putational solutions in a reasonable time-frame, various simplifications need to be
introduced. They can be based on the simplifying model assumptions capturing only
the most important physics of the problem and/or on the simplifications utilizing
special problem features such as, for example, special geometry, symmetry, and peri-
odicity.

A common set of simplifying assumptions that captures only the most impor-
tant physics in the description of the mechanical properties of arterial walls includes
homogeneity of the material with “small” displacements and “small” deformation gra-
dients leading to the hypothesis of linear elasticity. A common set of special problem
features that leads to simplifying models includes “small” vessel wall thickness allow-
ing a reduction from three-dimensional models to two-dimensional shell models, and
cylindrical geometry of a section of an artery where no branching is present allowing
the use of cylindrical shell models. Neglecting bending rigidity of arteries, studied in
[18, 21], reduces the shell model to a membrane model. Further simplifications include
axial symmetry of the loading exerted by the blood flow to the vessel walls in the ap-
proximately straight cylindrical sections, leading to axially symmetric models with a
potential of further reduction to one-dimensional models. One-dimensional models,
although a good first approximation to the underlying problem, suffer from several
drawbacks: they are not closed (an ad hoc velocity profile needs to be prescribed to
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obtain a closed system), and the model equations are quasi-linear hyperbolic, typically
producing shock wave solutions, not observed in healthy humans [5]. In particular,
the wall shear stress calculated using one-dimensional models is a consequence of the
form of the prescribed velocity profile.

Two-dimensional and three-dimensional models of the fluid-structure interaction
between the incompressible viscous fluid flow and the motion of a linearly elastic
cylindrical membrane are rather complex. Often times additional ad hoc terms of
viscoelastic nature are added to the vessel wall model to provide stability and conver-
gence of the underlying numerical algorithm [40, 44], or to provide enough regularity
in the proof of the existence of a solution [10, 16, 24, 49], thereby showing well-
posedness of the underlying problem. To this day there is no analytical result proving
well-posedness of the fluid-structure interaction problem without assuming that the
structure model includes the higher-order derivative terms capturing some kind of
viscoelastic behavior [10, 16, 24, 49], or with the terms describing bending (flexion)
rigidity in elastic shells or plates [10, 15]. In fact, current literature on well-posedness
of the fluid-structure interaction between a viscous incompressible Newtonian fluid
and a viscoelastic structure includes many additional simplifying assumptions such
as the smallness of the data [49], periodic boundary conditions [24, 49], or flow in
a closed cavity [10, 15, 16], not appropriate for the blood-flow application. Thus,
the well-posedness of the fluid-structure interaction problem describing blood flow in
compliant (elastic or viscoelastic) arteries remains an open problem. However, even
in those simplifying problems when the data is infinitesimally small the higher-order
regularizing terms in the structure model play a crucial role in providing the stabi-
lizing mechanism. Thus, ignoring the terms that account for bending rigidity of the
vessel walls and/or viscous dissipation might mean oversimplifying the physics, giving
rise to a problem which might not have a solution.

Keeping this in mind we turn to the theory of elastic/viscoelastic shells to model
the mechanical properties of arterial walls. Thus, we will be assuming that the ves-
sel walls are homogeneous, that the thickness of the wall is small in comparison to
the vessel radius, and that the state of stress is approximately plane, allowing us
to consider shell theory. See section 2. The equations of shell theory have been
derived by many authors; see [19] and the references therein. Due to variations in
approach and rigor the variety of equations occurring in the literature is overwhelm-
ing. Among all the equations of shell theory the Koiter shell equations appear to
be the simplest consistent first approximation in the general theory of thin elastic
shells [32, 31]. In addition, they have been mathematically justified using asymptotic
methods to be consistent with three-dimensional elasticity [12, 13]. Ciarlet and Lods
showed in [12] that the Koiter shell model has the same asymptotic behavior as the
three-dimensional membrane model, the bending model, and the generalized mem-
brane model in the respective regimes in which each of them holds. Motivated by
these remarkable properties of the Koiter shell model, in this manuscript we derived
the Koiter shell equations for the cylindrical geometry and extended the linearly elas-
tic Koiter model to include the viscous effects observed in the measurements of the
mechanical properties of vessel walls [1, 2, 3]. We utilized the Kelvin—Voigt viscoelas-
tic model, which has been shown in [1, 2, 3] to approximate well the experimentally
measured viscoelastic properties of the canine aorta and of the human femoral and
carotid arteries. In [43] a version of the Kelvin—Voigt model was used to model the
vessel walls as a linearly viscoelastic membrane. In the Kelvin—Voigt model the total
stress is linearly proportional to the strain and the time-derivative of strain. More
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precisely, for a three-dimensional isotropic and homogeneous body, the Kelvin—Voigt
model relates the total stress tensor, whose components we denote by tx;, to the in-
finitesimal strains eg; and the time-derivative of the strains 0;ey; through the following
relationship [20]:

(1.1) tht = (Ae + XpOt)Lebp + 2(pe + poO)ert, k1 =1,2,3,

where A\, and p. are the Lamé constants of elasticity, A, and p, are their corre-
sponding viscoelastic counterparts, dy; is the Kronecker delta, and I, := Zle €ii-
In section 8 we show that the fluid-structure interaction algorithm based on the vis-
coelastic Koiter shell equations coupled with the Navier—Stokes equations for a viscous
incompressible fluid captures the experimentally measured viscoelastic properties of
arterial walls in the human femoral artery and in the canine aorta. This is, in a
nutshell, the main result of this manuscript; using the a priori estimates based on an
energy inequality, coupled with the asymptotic analysis and homogenization theory,
we derived an effective, closed fluid-structure interaction model and a fast numeri-
cal solver whose solutions capture the viscoelastic properties of major arteries. We
show that our effective model approximates the original three-dimensional axially
symmetric problem to the e?-accuracy, where € is the aspect ratio of the cylindrical
domain (vessel). Our reduced, effective model reveals several interesting features of
the coupled fluid-structure interaction problem:

(1) Our model explicitly shows how the leading-order viscous fluid dissipation
imparts long-term viscoelastic memory effects on the motion of the vessel wall. This
is studied in section 5; see (5.11). We show that this does not influence, to the leading
order, the viscoelastic hysteresis loop observed in the stress-strain (or the pressure-
diameter) measurements of the arterial viscoelastic properties.

(2) Our model shows that bending rigidity of vessel walls plays a nonnegligible
role in the asymptotic behavior of the underlying fluid-structure interaction problem.
See the equation for p¥ in (4.17). We found that for the parameters describing blood
flow through medium-to-large arteries the leading-order terms in the coupling of the
stresses at the vessel wall include not only the membrane terms but also a correction
accounting for the bending rigidity of the wall, often times neglected in the description
of the mechanical properties of vessel walls.

We developed a fast numerical solver based on the one-dimensional finite element
approach and compared the computational solution with the experimental measure-
ments. First, the reduced elastic model was tested experimentally using a mock
circulatory flow loop with latex tubing, assembled at the Research Laboratory at the
Texas Heart Institute. Then the wiscoelastic model was compared to the hystere-
sis measurements of the viscoelastic properties of the human femoral artery and the
canine aorta. In both cases, excellent agreement between the experiment and the
numerical solution was obtained.

2. The viscoelastic cylindrical Koiter shell model. In this section we focus
on the derivation of the viscoelastic cylindrical Koiter shell model. We begin with
the linearly elastic Koiter shell model as it was derived in [31, 32] and specialize
it to the cylindrical shell geometry. Following standard texts in conventional plate
and shell theories (see, for example, [20, 41, 45, 50, 52]), we then derive the stress-
strain relationship for the Koiter shell model and extend it to include the Kelvin—
Voigt viscoelasticity, which has been experimentally observed to approximate well
the viscoelastic mechanical properties of arterial walls [1, 2, 3]. We summarize the
main steps next.
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2.1. The linearly elastic Koiter shell model. Consider a clamped cylindrical
shell with the reference radius of the middle surface equal to r = R, with the shell
thickness h and the cylinder length L, z € (0, L). The basic assumptions under which
the Koiter shell model holds are [31, 32] that

e the shell is thin (h/R < 1);

e the strains are small everywhere, although large deflections are admitted, and
the strain energy per unit volume of the undeformed body is represented by
the quadratic function of the strain components for an isotropic solid (Hooke’s
law);

e the state of stress is approximately plane.

deformed shell

middle
surface

displacement

undeformed shell

Fia. 2.1. Left: Cylindrical shell (reference configuration) with middle surface radius R and
shell thickness h. Right: Deformed shell.

The weak formulation, describing the variation of the strain energy density func-
tion, depends on the change of metric and the change of curvature tensors of the
surface. The change of metric tensor captures the stretching of the surface and the
change of curvature tensor captures the bending effects. The weak formulation of the
Koiter shell describes variation of the energy that is due to stretching and bending of
the shell.

Denote by &(z) = (£.(2),&-(2)) the displacement of the middle surface at z (see
Figure 2.1), where &,(z) and &.(z) denote the longitudinal and the radial component
of the displacement, respectively. Here the axial symmetry of the problem has already
been taken into account assuming that the displacement in the 6-direction is zero, and
that nothing in the problem depends on #. The change of metric and the change of
curvature tensors for a cylindrical shell are given, respectively, by [11]

=[G | ow0=| T o]

Here ' denotes the derivative with respect to the longitudinal variable z. Introduce
the following function space:

V. =H3(0,L) x H2(0,L)
= {(62757”) € HI(O,L) X H2(07L) : 52(0) = gz(L) = 57“(0) = gT(L) =0,
£.(0) = &.(L) = 0}.

Then the weak formulation of the linearly elastic cylindrical Koiter shell is given by
the following: find n = (1.,n,) € V. such that

/A’y Rdz—i——/ Ao(n (£)Rdz:/0Lf~£Rdz, eV,
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where - denotes the scalar product
(2.2) A-B:=Tr(AB"), A,Be€ M(R)=R"

Here f is the surface density of the force applied to the shell, and A is the elasticity
tensor given by [11]

A p 2 :
E= A°-E)A°+4uA°EA°, E R th
AB = 8 (AT E)AT + 4uATBA", B Sym (), wi

1 0 1 0
A, = , A= ,

[0 RZ} [0 Rlz}

where A and p are the Lamé constants. Written in terms of the displacement, the
weak formulation reads

ho 2/ 4ux [, 1 , 1 1
— —Np | - —Gqr 4 el o lIrSr
2/0 (/\+2u<nz+Rn> (€Z+R§)+ u(nZ§Z+R2n§>)dz
w(E dph | .1 1
- _ . . _ = 4 e _
+ 51 | (A+2u< m+R2nr) ( §T+R2§r>+ u(mfrJerr&))dz
L
0

- / (Fobe + i)z V(Ea &) € Ve

Using the following relationships between the Lamé constants and Young’s modulus
of elasticity E and the Poisson ratio o

2\ A p E 20\ Ad+pl A E
+2p = 4p = ; = 4p 5 = o,
A+ 20 A+2u  1—-02" X+2u A+2u2X+p  1—o0?
the elasticity tensor A reads
2FEc 2K
E= "5 (A°-E)A°+ ~——A°EA°, E € Sym(R?).
AE = 7 (A E)A°+ ©—ABA", E € Sym(R?)

From here we get the weak formulation (2.1) as
L
Eo 1 1 E 1
h ! —n, ! —¢, < —n& d
/O (102 (nz+Rn) (£Z+R€>+ e (nz§z+R2n€)) z
h3 o EU 2 1 11 1 E 11 11 1
Tao T 9 - o llr - Ho Sr I, Ha lIrSr d
t15 ; (102( 77,«+R2n)< §T+R2£>+1+J(UT£T+R4W€)> 2
L
— [t e ()
0

(2.3)

The terms multiplying h/2 account for the stored energy density due to stretching
(membrane effects) and the terms multiplying h®/12 account for the stored energy
density due to bending (flexural shell effects). Integration by parts gives rise to the
static equilibrium equations. Written in differential form they read

hE 1
1= o2 (U/ZIJFURU;«) = [
hE

! ’rIT h3E "1 1 1 1
_ L R U (R i R
R(1—0?) (o + ) + 12(1 = 0?) (77’“ g T Rl 4

THE LINEARLY ELASTIC CYLINDRICAL KOITER SHELL MODEL

(2.4)
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We employ these equations to study the response of arteries to pulsatile blood
flow. For this purpose, we assume that the in vivo arteries are prestretched under
internal pressure load, that the arterial walls are longitudinally tethered, and that the
longitudinal displacement is negligible [38, 42].

The assumption that the longitudinal displacement is negligible has been justified
in [38]. More precisely, in [38] we considered the equations of three-dimensional linear
elasticity to model the vessel wall, coupled with the Navier—Stokes equations for a
viscous, incompressible fluid to model the flow of blood in cylindrical geometry. In
addition, we assumed that the “thickness” h of the structure (the radial dimension
of the three-dimensional elastic body) is less than or comparable to the radius of
the domain occupied by the fluid, i.e., h/R < 1 (this includes the scenario h/R < 1
considered in this manuscript). Starting from the assumption that both the radial and
longitudinal displacement of the three-dimensional structure are nonzero, we showed
that the effective model obtained by considering small aspect ratio ¢ = R/L embodies
negligible longitudinal displacement of the structure.

Taking this into account we emply here the equations of a linearly elastic cylin-
drical Koiter shell model with negligible longitudinal displacement:

hE r WE 111 1 1
2.5 e T vef | =+ ———~ — 20— —n | = fr
( ) (R(I—O'Z) +p f) R + 12(1_0_2) (nr URgnr+R477 f
This is obtained from the weak formulation (2.3), assuming 7, = 0, and the test space
VcO =VeN {gz = O}'

In order to include the fact that the reference configuration is prestressed at
reference pressure pref, and that the arterial walls are viscoelastic, we study the stress-
strain relationship corresponding to the Koiter shell model and modify it to include
these two effects. This is presented next.

2.2. The linearly viscoelastic Koiter shell model. The stress-strain rela-
tionship is given by the “stress resultant,” which relates the internal force with the
change of metric tensor, and the “stress couples,” which describe the bending moments
in terms of the change of curvature tensor [20]. As noted by Koiter in his original
paper [31], the stress resultant and the stress couples can be obtained from (2.1) as
gradients of the stored energy function, given by the integrand on the left-hand side of
(2.1), with respect to the middle surface strains and changes of curvature. Following
this approach one obtains

e stress resultant (or the internal force) for the elastic Koiter shell

h h[ 2L 0
2. N :=— =_| 1-9 R
(2.6 A =5 | TR 0]

o stress couples (bending moment) for the elastic Koiter shell

(2.7)

M = h—g.AQ(n) = hj 71%52 e 12_E;2 L 2E 2Bs 1 ,
24 24 0 54— %

At this point we also introduce the effects of prestress by defining the stress resultant

Niyef that relates the reference pressure p,of with the circumferential strain [17, 34, 35]

h 0 0

2.8 —N,of = hRAC A€
( ) 2 f |: 0 pref %nr :|
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so that the total stress resultant, including the effects of prestress, reads
e stress resultant for the prestressed elastic Koiter shell

h h
(29) N = 5./4’7("’]) + §Nref~

We focus now on introducing the viscous effects to the linearly elastic, prestressed
cylindrical Koiter shell model. For this purpose assume that the displacement is not
only a function of position z but also a function of time: n = n(z,t) and that the
velocity of the displacement is linearly proportional to the stress as described in (1.1).
Employing the Kelvin—Voigt model (1.1) to describe this viscoelastic behavior one
writes the constitutive relations in which the stress is linearly proportional to the
strain plus the time-derivative of strain [20]. For the linearly viscoelastic Koiter shell
model we define

o stress resultant for the viscoelastic prestressed Koiter shell

h h h
(210) N = 5./4'7( )"‘ B’}’( )"‘ 2Nref7

e stress couples for the viscoelastic Koiter shell

(2.11) M= %Ag( )+ 439( ),

2
where B is given by

4Ny py

BE = ———
Av + 24y

(A E)AC +4u,A°EA°, E € Sym (R?),
with u, and A, corresponding to the viscous counterpart of the Lamé constants p
and A\. With these constitutive relations we now define the weak formulation of the

linearly viscoelastic prestressed Koiter shell model by the following: for each ¢t > 0
find n(t) € V. such that V&(t) € V,

h L h?) L
2/ (Neet + Ay(n) + By(1)) - v (€)Rd2+ﬂ (Ae(n) + Be(n)) - e(§) Rdz
0
L
(2.12) + puh i W £ = / f - €Rdz,

where 7 denotes the time-derivative. Written in terms of the displacement, after
employing the notation

2)\va 2)\1),“1)
2.13 Cy = 2 Loy Dy = P
( ) Ap + 2ty H Ay + 24y

the weak formulation of the linearly viscoelastic prestressed Koiter shell model reads

L o2y, L E R\ 1 1 n, &
/ [r&rdz = pyh , O frJFh/O <(1_ +pr0fh)RnT+ 'R 8t> dz
L Eo 20, Fn, 1 Oy P& &
+E ((1—a2< 022 +>+D”<8t8z2+RQ 8t>) (8,22 +R2)

E 82777« 83777” 5& E 1 1 8777“ gr
+ <1—|—0822 +(C”D”)ataz2> 8z2+<1—|— U at) )dz
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VE(t) € V0. Integration by parts gives rise to the equilibrium equation

(2.14)

82777” 82777” 8477?” ony 83777" 85777"
T 922 927 ot 91022 9102
THE LINEARLY VISCOELASTIC CYLINDRICAL PRESTRESSED KOITER SHELL MODEL
WITH ZERO LONGITUDINAL DISPLACEMENT

+ Oy

+ Conyr — C4

+ Dy

- D + Dy

where p,, denotes the shell density (see Table 4.1) and

(2.15)
h E h2 Dref h3 Eo h3 E
Co=— 1 Gy =2—0 —— =—
T R21 02< +1232>+ R’ VT T12R21-020 TP 121-02°
h h2 h3 h3
Dy=—Cy(14—=), Dy =2——D,, Dy = —C,.
0= ¢ ( +1232> R DY2 2= 3¢

We use this equation to model the motion of compliant arterial walls interacting with
the time-dependent fluid flow driven by the pulsatile inlet and outlet pressure data.
To simplify notation, from this point on in this manuscript we will be using 7 to
denote the radial displacement 7,..

3. Fluid-structure interaction: The three-dimensional model. In me-
dium to large arteries blood can be modeled as an incompressible, Newtonian vis-
cous fluid. We will be assuming that the viscosity of blood is constant, utilizing the
data from biomedical literature (see, e.g., [21, 39, 44]), providing the viscosity coef-
ficient up = 3500 kg/ms. The Navier-Stokes equations for a viscous, incompressible
fluid have been well accepted as a model for blood flow in medium-to-large arter-
ies. Assuming cylindrical geometry and axially symmetric flow, the fluid velocity
v(r,z,t) = (v.(r, z,t),v.(r, z,1)) and pressure p(r, z,t) satisfy

(3.1) 8vr+ %_’_ % B 0%v, 82vr+16w_& +@
’ PE ot Ur or vz 0z HE or? 022 ror r? or

2 2 1
(3.2) pF{avz_A,_vravz_i_vzavz}_uF(a UZ+8UZ+ 3vz)+(')1)_07

:O7

ot or 0z or? 022 ' r or 0z
ov, Ov, vr

(3.3) or 0z r

=0.

Here pp is the fluid density and pp is the fluid dynamic viscosity coefficient, where
the subscript F' stands for the fluid quantities. The Navier—Stokes equations hold in
the cylindrical domain

(3.4) Q(t) = {z € R* 2 = (rcosd,rsind, z), r < R+1n(z,t), 0<z< L}
bounded by the viscoelastic lateral boundary
X(t) = {((R(z) +1(t, z)) cos b, (R(z) +n(t,z))sinh, z) € R®: 0 € (0,27), z € (0, L)} )

See Figure 3.1. The reference configuration corresponds to that of a straight cylinder
with radius R and length L. (The same results can be obtained for a cylinder with a
slowly varying radius R(z) under the assumption that R'(z) < € [47].) The following
inlet (z = 0) and outlet (z = L) boundary data lead to a well-defined problem:
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(1)

T

y J

Fi1G. 3.1. Deformed domain (t).

1. The dynamic pressure is prescribed at both ends:
(3.5) p+p(v.)?/2 = Por(t) + pres at 2 =0, L.

2. The fluid enters and leaves the tube parallel to the axis of symmetry, with
zero displacement:

(3.6) v, =0, n=0atz=0,L.
3. The tube is clamped so that
0
(3.7) 8—Z:Oatz:0,L.

In the reduced model (see section 4), the zero displacement condition is relaxed. This
is typical for reduced models where the boundary layer phenomena near the edges
with high stress concentrations are lost [8].

Initially, the fluid and the wall are assumed to be at rest, with zero displacement
from the reference configuration:

on
ot
These initial and boundary conditions describe well our experimental set up, described
in section 7.
The coupling between the fluid flow and vessel wall dynamics is performed via
the following kinematic and dynamic lateral boundary conditions [9]:
e The kinematic condition requiring continuity of velocity:

on(z,t)
ot

e The dynamic condition requiring balance of forces (the contact force of the
fluid is counterbalanced by the contact force of the wall):

(310)  fo=[(p—pen)l = 2urD(@)n- e, (1+ %) \/1+ (0%

where f,. is given by the viscoelastic shell model (2.14). The right-hand side of
(3.10) describes the contact force of the fluid, where D(v) is the symmetrized
gradient of velocity, defined in (3.12), n is the vector normal to the deformed
boundary ¥(t), and e, is the radial unit vector.

See [9] for more details.

Thus, the complete fluid-structure interaction problem consists of solving the fluid
equations (3.1)—(3.3) on the domain §(¢) defined by (3.4) with a moving boundary
Y (t), satisfying the initial and boundary data given by (3.5)—(3.10) where the contact
force of the structure f,. is given by (2.14).

(3.8) v=0, n=0, 0.

(3.9) vr(R+n(z,t),2,t) = v(R+n(z,t),2,t) =0.
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3.1. Weak formulation. To derive a weak formulation of the fluid-structure
interaction problem we take the standard approach: multiply the fluid equations by
a test function, integrate by parts, and take into account the initial and boundary
conditions to obtain the integral form of the problem. For that purpose, introduce
the following test spaces.

DEFINITION 3.1 (the test spaces). Let

(3.11)

V(Q®) = {¢ = pre, +p.e. € HX(Qt)? | o, (r,2) = 0.0,(r,2) =0 at 2 =0, L,
0 (R+7(z,1),2) =0, and divo =0 1in Q(t) a.e.}.
For each t € [0,T], the test space is the space H(0,T;V (2(t)).

To specify the weak solution we introduce the spaces containing the candidates
for the radial displacement and the velocity. They are deduced from the a priori
solution estimates, presented in section 3.2.

DEFINITION 3.2 (the solution spaces).

o The space I' consists of all the functions

n € L>(0,T; H*(0,L)) N C*([0,T); L*(0, L)) N C([0, T); H*(0, L))

such that n(t,0) = n(t,L) = 0, 0,n(t,0) = 0,n(t,L) = 0, and n(0,2) =
om(0,2) =0.
o The space V' consists of all the functions
v = (vp,0.) € L0, T3 HY(Q(1)%) N C([0,T]; L*(2(1))%)

such that dive =0 in Q) X Ry, v, =0 for 2=0,L, andv =0 at t = 0.
To define the weak form recall that the symmetrized gradient of velocity D(¢p),
defined for an axially symmetric vector valued function ¢ = ¢,.e,. + ¢.e., is given by

0, 1/0p,. Op,
or ; 2( 0z or )
(3.12) D(p) = 0 TT 0
1 (3% I ) 0 o,
2\ 0z or 0z
Define the matrix norm | - | through the scalar product
(3.13) A-B:=Tr(AB"), A,BeR’

DEFINITION 3.3. A weak solution of problem (3.1)—(3.10) is a function (n,v) €
I' x V such that Vo € H(0,T;V (Q(t))) the following integral equation holds:

2up D(v) - D(p) rdrdz + p/ {ZZ + (v(t)V)v}  rdrdz

Q(t) Q(t)

L 2 2
on Oy, 9°n O ¢y

+R~/O {C077 907”|R+7] + C(1 822 aZQ

0z 0z
9*n O, OPn o,
20t022 022

+ (s
R+n

R+n
+ D } dz
R+n R+n

L 92 R
0
FRpuh [ e (Rt 2),50) o= = [ {Pa®) - §02)mn} glecsrar
0 0

9
(3.14) + D05 ¢rlpyy + D

ot Lotoz 0z

R
+ [ {AO - 630} el emorar
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where Q(t) is given by (3.4) and n and v, are linked on X(t) through (3.9).

Notice that the domain as well as the solution and test spaces depend on time. To
get a global weak formulation one can use the a priori solution estimates, presented
below, and define a global weak solution via a fixed point mapping, defined on a fixed,
“fictitious” domain. This approach is used in [9] to define a global weak solution
for a related fluid-structure interaction problem using the linearly elastic membrane
equations to model the vessel walls. We do not pursue this approach here but continue
with the derivation of the energy and a priori estimates.

3.2. The energy and a priori estimates. By replacing the test function with
the fluid velocity and using the kinematic lateral boundary condition (3.9) one obtains
the following proposition.

PROPOSITION 3.4 (energy equality). Solution (n,v) of problem (3.1)—(3.10) sat-
isfies the following energy equality:

2
pd SN UM i PPN [/] RN Lo
5 df o) |’U| dV + 2 di J, Co|77| + Ep + Co 922 dz
TR d [Y|on 2 L an 2 0%y 2 0y 2
s [ |4 Do |21 4Dy | L) 4 py | -2
3 pwhdt/o ot dz+7TR/O 15t | TP e TP | man| (P

R R
(3.15) +2,LLF||D(’U)H%2(Q(,5)) = —/ Py(t)v,(t,r, L) Tdr—|—/ Py (t)v,(t,r,0) rdr,
0 0

with v.(t, R+ 1, z) = %(t,z) and v, (t,R+mn,z) =0 on (0,L) x (0,T).
To obtain the a priori estimates and the correct scales for the problem, we intro-

duce the nondimensional time
(3.16) t:= wt.

The characteristic frequency w will be specified later in (3.21). The choice of w
determines the time-scale for the natural oscillations of the structure in terms of the
inlet and outlet pressure data. As it will be seen later, the quantity Lw corresponds to
the “sound speed” of the natural oscillations of the structure, and the choice of w given
in (3.21) gives rise to the structure sound speed reported in Fung [21]. From now on
we will be working with the nondimensional time ¢ but will drop the “hat” notation
for simplicity. Whenever physical time ¢ is used, this will be explicitly specified.

Take the rescaled time into account and integrate the energy equality with respect
to time to obtain

L 2 2 12
pw 2 7 Rw 9 on 0°n
1 — d —_— — — d
(3 7) 5 o) |’U| V+ 5 ; {C()|77 + Cy 82‘ + Cy 92 z
ﬂ_ng L 8772 t L 8772 3277 2 ajn 2
% ouh [ 12 a 2 Dol 2 + D Do | 21| 4 gza
ter /O ot Z“TR”/O/O oo TP araz| T2 a2 | (4P

t t R
g / 1D(0) 20y 7 = — / / (Pa(r)vs (7.7, L) — Pi(7)us (7, 7,0)) rdrr.
0 0 0

By estimating the right-hand side in a manner similar to the estimates in [9] and [6]
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one obtains

ﬂ'wRC’o I ||2

t 2
g%’(summu(sup / |atﬁ|dr>> L [1ampn,
0 z,t z 0

A(t)
L

pw 2
(3.18) F-llvlZ2 (g + e’ puh R 0m]” + ——

where

(3.19) At) = Po(t) — Po(t),  p(t) = S22 + Py(0),

and T > 0 denote the physical time such that

(3.20) 7 < LBVpuhCo

4 plle

For example, for p,er = 0, this inequality reads 7' < 1/[4(1 — 02)|hiv/Epw/||P]co-

This is the point were we define the frequency w. Choose w so that the contri-
bution of all the terms involving the pressure data have the same weight. Namely,
choose w so that the time-scale of the captured oscillations is determined by the pres-
sure drop A(t), the inlet and outlet maximum pressure, and by the time-average of
the steepness of the pressure front 0;p to obtain

1 |RCy
(3.21) W=7 5
This choice of w gives rise to the sound speed of the waves in the “structure” wL
which is exactly the sound speed reported by Fung in [21]. After taking this form of w
into account, and after dividing (3.18) by w, we obtain the following energy inequality
from which the a priori estimates will follow.
PROPOSITION 3.5. Weak solution (n,v) satisfies

16wLR
Cy

||U||L2 () + T puhR||Om]* + Coll??H2 P?, where

(3.22) P2 :=sup|p|* + (sup/ |pt|d7> +T/ |A(T)

z,t

Using this result we obtain the a priori estimates for the L?-norms of the fluid
velocity, the displacement, and the time-derivative of the displacement.
LEMMA 3.6. Weak solution (n,v) satisfies the following a priori estimates:

1 32 1 2 16
2 ln(d)12 <Z2Zp2 —19m®)]3s < ————P?
pIOlio.n = Gz 710000 < 250
1 2 32 2
- <2 _p2
LR2n ||'U||L2(Q(t)) = »rRC
47 R2 2
RIS + (|85, 13 }de P2,
{II [ 7z T 19020 ur \ prRCo

/’t
t 4R2\/T
ar 2z 2 az r 2 dr < — 2.
/0 {H v ||L2(Q(T)) + || v ||L2(Q(T))} T= LR pRCoP
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Furthermore, we obtain the following estimates for the functions describing the
viscoelastic behavior of the structure.
COROLLARY 3.7. The following estimates hold for the viscoelastic thin shell

model:
t 2 t 2 2
f/ ol g < 32 p2 3/ O™ g < 32 p2.
L 0 ot L2 C()Do L 0 otoz 2 C()D1
t 3 2
o [1ZLf e 2
L 0 8t822 2 C()Do

where P is given by (3.22), and w by (3.21).
The a priori estimates obtained in this section will be used to derive the reduced
model presented below.

4. Fluid-structure interaction: A reduced model. We proceed by deriving
a closed, effective, reduced model, approximating the full, original axially symmetric
problem to the e2-accuracy.

We begin by considering (3.1)—(3.3) written in nondimensional form. The scalings
for the dependent variables v and 7 are obtained from the a priori estimates presented
in Lemma 3.6

1
2

P hE B
4.1 - v h 2 - T )
(4.1) v = Vv, where 2V o (R(1_02)+pef>
. _ hE -
(42) n=.:zn, where 22 = PR (]%(1—02) +prcf> .

Consider p = C,p, where C,, will be determined later; see (4.11). The nondimensional
independent variables 7, Z, and t are introduced via

- . 1. 1 /1 hE
(4.3) r=Rr, z=Lz, t= at, where w = L\/pF <R(1—02) +prcf>'

At this point we could continue by performing singular perturbation analysis of the
rescaled system